FUSION OF SYMMETRIC D-BRANES AND VERLINDE RINGS 
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Abstract. We explain how multiplicative bundle gerbes over a compact, connected and sim- 
ple Lie group G lead to a certain fusion category of equivariant bundle gerbe modules given by 
pre-quantizable Hamiltonian LG-manifolds arising from Alekseev-Malkin-Meinrenken's quasi- 
Hamiltonian G-spaces. The motivation comes from string theory namely, by generalising the 
notion of D-branes in G to allow subsets of G that are the image of a G-valued moment 
map we can define a 'fusion of D-branes' and a map to the Verlinde ring of the loop group 
of G which preserves the product structure. The idea is suggested by the theorem of Freed- 
Hopkins-Teleman. The case where G is not simply connected is studied carefully in terms of 
equivariant bundle gerbe modules for multiplicative bundle gerbes. 
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1. Introduction 

It was shown in [10] that there is an additive group structure on equivalence classes of 
bundle gerbe modules, for a bundle gerbe over a manifold M with Dixmicr-Douady class 
[H] £ H 3 (M, Z) , such that the resulting group is isomorphic to the twisted K-theory of M 
twisted by [H], denoted K^(M). On the other hand the theorem in [23 is that the Verlindc 
ring of positive energy representations of the loop group of a compact Lie group (with fusion 
* as the product and denoted (Rk(LG),*)) is isomorphic to the equivariant twisted K-theory 
^Gk+h v (^) where h v is the dual Coxeter number. Here k + h v is viewed as the level of the 
twisting class in Hq(G) with the G-action on G given by conjugation. 

The aim of this paper is to answer the natural question: is there is a fusion product which 
can be constructed using bundle gerbe modules and a direct map to (Rk(LG), *) preserving 
the fusion product structure. For simplicity, we only deal with a bundle gerbe over a compact, 
connected and simply-connected simple Lie group in this introduction. We have some results 
on the general situation in Section 6. 

Our approach depends on a second circle of ideas. First, (Rk(LG),*) provides the quanti- 
zation of classical Wess-Zumino-Witten models with target G. Second, bundle gerbes over G 
provide a differential geometric way to approach Wess-Zumino-Witten models [16] . Third, the 
main result of JS] shows that classical Wess-Zumino-Witten models which arise by transgres- 
sion from Chern-Simons gauge theories have the property that their associated bundle gerbe has 
internal extra structure termed 'multiplicative'. In fact we showed more namely that a bundle 
gerbe Q over G is multiplicative (see Theorem 5.8 in [15]). if and only if its Dixmier-Douady class 
is transgressive, that is, lies in the image of the transgression map r : H A (BG, Z) — > H 3 (G, Z). 
We will see that the multiplicative property gives a fusion product for bundle gerbe modules. 
For a simply-connected, compact simple Lie group G, we know that H 4 (BG, Z) = H 3 (G, Z) = Z 
and so for any integer k € H 3 (G, Z) = Z there is a corresponding multiplicative bundle gerbe 
Qk- To assist the reader we review the key notions from ^H] in subsection 4.1. 

While it is not necessary in order to understand the mathematical results of this paper, our 
motivation comes from string theory considerations. Namely we expand the notion of a _D-brane 
(as there is no fusion product on the space of D-branes) to include the image of G-equivariant 
smooth maps from a manifold to G (Cf. Definition 12. 2fl . We are able using the multiplicative 
property, to define fusion for these generalised _D-branes. 

1.1. Some physics background. This subsection is not really needed for our results but we 
use it to introduce some notation and for the interested reader we include some background 
which amplifies the preceding remarks. First we recall that the background Kalb-Ramond field 
(the so called "B-field" ) is a 2-form potential for an invariant 3-form on the target group manifold 
G. In Type II string theory with non-trivial "S-field" , twisted K-theory is believed to classify 
those Z?-branes with Chan-Paton fields ('[54]). 

The quantized Wess-Zumino-Witten model of level k (a positive integer) for closed strings 
moving on a group manifold G is determined by a closed string Hilbert space 

AGA* 

where H\ is the positive energy irreducible projective representation of the loop group LG 
at level k with dominant weight A in the space of level k dominant weights A| and *A is the 
dominant weight of the irreducible representation of G complex conjugate to the one with weight 
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A. Iii addition there is an assignment of trace class operators 

Zfc(S) : 7~lwzw ® ' " " ® H-wzw > H-wzw ® " ' " ® H-wzw 

m times n times 

to any Riemann surface £ with analytically parametrised boundaries divided into m incoming 
boundaries and n outgoing boundaries, such that the operators 2Tfc(E) satisfy certain gluing 
formulae under composition of surfaces (See @B] and the references therein). We call such 
Riemann surfaces 'extended'. 

With primary fields, determined by a dominant weight of level k, inserted at each boundary 
of £ the space of correlations or conformal blocks is given by the multiplicity space of the 
modular functor from the category of extended Riemann surfaces with conformal structure to 
the category of positive energy irreducible projective representations of the loop group LG at 
level k: 

The space of conformal blocks V£ (* A £ n , A ou t) also satisfies certain gluing formulae, the well- 
known Vcrlindc factorization formulae. Varying the conformal structure on E, the space of con- 
formal blocks forms a holomorphic vector bundle over the moduli space of conformal structure, 
equipped with a canonical projective flat connection (the Knizhinik-Zamolodchikove connec- 
tion) . 

For £0,3, the genus surface with 3 boundary components, two incoming boundary circles 
labelled by the weight A, [i and the third outgoing boundary circle labelled by the weight v, the 
dimension of the space of conformal blocks 

(1.1) N^ = drniVi 0i3 (*X,^u) 

is given by the Verlinde fusion coefficient ([3])- Another definition of Verlinde coefficients N% 
is given by (Cf. (HJ): 

K» = dim i u e Hom G (V x ® V^V^uiy^ ® V^) C vj r) } 

p+q-\-r<k 

where V\, and V v denote the representation of G with highest weight A, /1 and v respectively. 
The highest root 1? determines a copy of SU (2) with respect to which V\ admits a decomposition 

fe/2 
i=0 

where V> (i — 0, 1/2, 1, • • • , fc/2) are the spin i isotypic components. 

In boundary conformal field theory, the £>-brane is described by a boundary state in the 
closed string Hilbert space, which is a linear combination of the so called Ishibashi states. The 
coefficients should satisfy the Cardy condition and some sewing relations (Cf. |14|). For the 
Wess-Zumino-Witten model of conformal field theory, the stringy geometry can be studied via 
bundle gerbes (HUES) an d embedded submanifolds Q of G, the D-branes. For the boundary 
Wess-Zumino-Witten theory on a simply connected group manifold G (Cf. [H]), symmetry 
preserving boundary conditions are labelled by A € At and the open string Hilbert space labelled 
by Xi and A2 admits the following decomposition 

nZl = E wt^H,. 
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In order to get a consistent quantum conformal field theory, the multiplicity space W^* is 
identified with the space of conformal blocks V% (*Ai, X2). In particular, the dimension of 
the multiplicity space 

dim W^ 2 ,, = N^ n . 

Aim Mil* 

is also given by the Verlinde fusion coefficients. For general boundary conditions, the consistency 
condition implies that fj, i— > [dim W^') realises a representation of the Verlinde algebra. See also 
[2j HD |22j |Z7| f° r some earlier discussion of Z?-branes on group manifolds. Geometrically, 
for a simply-connected Lie group G, D-branes on G are classified into symmetric D-branes: 

27T7 X 

for A g At; twisted Z?-branes 

Cx = {g ■ exp(^)) ■ uj G {g)~ l \g g G} 

where roc is an outer automorphism of G, and A g A£ is a fixed point of vjq, and the coset 
D-branes such as D-brane s in JV = 2 coset models in CHI EH • In this paper, we will 

study these symmetric D-branes from the equivariant bundle gerbe module viewpoint. 

1.2. Mathematical summary. We now look at the mathematical content of this paper. We 
introduce a new notion, 'generalized rank n bundle gerbe Z?-branes' for a bundle gerbe Q over 
G. These are smooth manifolds Q with a smooth map fi : Q — ► G such that the pull-back bundle 
gerbe n*(G) admits a rank n bundle gerbe module (Definition ^. 2(1 . There is also a corresponding 
notion for G-equivariant bundle gerbes Q over a G-manifold M. 

When the compact simple Lie group G is simply-connected then we can construct a G- 
equivariant bundle gerbe Qk over G whose Dixmier-Douady class is represented by a multiple 
by a positive integer k of the canonical bi-invariant 3-form on G (see Proposition 13 . II in Section 
3). 

A particularly interesting example of a generalized G-equivariant bundle gerbe D-brane is pro- 
vided by a quasi-Hamiltonian manifold (M, u),/j) (see Definition 13.2(1 where M is a G-manifold, 
u> is an invariant 2-form and fi : M — > G is a group-valued moment map. Quasi-hamiltonian 
manifolds are extensively studied by Alekseev-Malkin-Meinrenken in pP whose results are re- 
viewed in Section 3. We focus on the correspondence between quasi-Hamiltonian manifolds and 
Hamiltonian LG-manifolds at level k as illustrated by the following diagram: 

(1-2) M — Lq* 

Hoi 

M G, 

where jx : M — > Lq* is the moment map for the Hamiltonian LG-action at level k and the vertical 
arrows define OG-principal bundles. The quasi-Hamiltonian manifold, when "pre-quantizable" , 
is naturally a generalized rank 1 bundle gerbe D-brane (Cf. Theorem 13. 5|l of the bundle gerbe 
over G. 

When G is semisimple and simply connected, any bundle gerbe Qk is multiplicative |15j and so 
in Section 4, applying Theorem l3.5l to the moduli spaces of flat connections on Riemann surfaces, 
we relate these generalized bundle gerbe D-branes to the Chern-Simons bundle 2-gerbe of ^3 
over the classifying space BG . A corollary is that the Segal- Witten reciprocity law is explained 
in the set-up of multiplicative bundle gerbes and their generalized bundle gerbe D-branes. 
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In Section 5, wc define the fusion category of generalized bundle gerbe D-branes of Gk to be 
the category of pre-quantizable quasi-Hamiltonian manifolds with fusion product 

k 

(Mi,wi,//i) IE (M 2 ,w 2 ,M2) = (Mi x M 2 ,wi + uj 2 + - < >,m ■ /i 2 ), 

where the G-action on Mi x M 2 is via the diagonal embedding G — > G x G, 6>, are the left and 
right Maurer-Cartan forms on G, and /ii • ^2(xi,x 2 ) — jUi(^i) • ^2(^2)- This fusion product and 
the corresponding fusion product on Hamiltonian LG- manifolds were studied in |4U| . Denote by 
(Qa,k, the fusion category of bundle gerbe D-branes of Gk- 

Let Rk (LG) be the free group over Z generated by the isomorphism classes of positive energy, 
irreducible, projective representations of LG at level k. The central extension of LG at level 
k we write as LG. The positive energy representation labelled by A € A£ acts on TL\ and the 
Kac-Peterson character of TL\ is 

(1-3) Xk +{T)=Tr Hx e 2 ^ L °-^\ 

where r S C with Im{r) > 0, Lo is the energy operator on 7Y> (Cf.02|); an d c = — r-r is the 

k ~\~ h 

Virasoro central charge. We mention that e 2lrir ( L o _ 5i) is a trace class operator (Cf. Theorem 
6.1 in and Lemma 2.3 in \2,1\ ) for t G C with 7m(r) > 0. Equipped with the fusion ring 
structure: 

XA.fc *X^,k = N \,nXv,k, 

where N% is the Verlinde fusion coefficient we obtain (Rk(LG), *), the Verlinde ring. 

Motivated by Guillemin-Sternbcrg's "quantization commutes with reduction" philosophy, we 
define a quantization functor on the fusion category of generalized bundle gerbe Z?-branes of Gk 
using Spin quantization of the reduced spaces (see Definition 15. 2|) : 

Xk,a ■ Qa,k — ^ Rk{LG). 

Note that for a quasi-Hamiltonian manifold M obtained from a pre-quantizable Hamiltonian 
G-manifold, Xk,G(M) is the equivariant index of the Spin c Dirac operator twisted by the pre- 
quantization line bundle. 

Main Theorem: The quantization functor Xk,G '■ (Qc.k,^) — ► (R k (LG),*) satisfies 

Xk, G {Mi IS M 2 ) = XkM M i) * Xk, G (M 2 ), 

where the product * on the right hand side denotes the fusion ring structure on the Verlinde 
ring (R k (G), *). 

The fusion product on Hamiltonian LG-manifolds at level k involves the moduli space of flat 
connections on a canonical pre-quantization line bundle over the 'trousers' So, 3- The multiplica- 
tive property of the bundle gerbe G k over G is essential for this part of the construction. 

In section 6, we discuss various subtle issues concerning the non-simply connected case. Given 
a compact, connected, non-simply connected simple Lie group G = G/Z for a subgroup Z in 
the center Z(G) of the universal cover G, we construct a G-equivariant bundle gerbe G(k,x),G 
associated to a multiplicative level k and a character \ G Hom(Z, U(l)), where the so-called level 
lies in H 4 (BG, Z) and k is the multiplicative if it is transgressed from H 4 (BG, Z) to H 4 (BG, Z). 

The G-equivariant bundle gerbe G(k,x),G i s obtained from the central extension of LG in |5U) . 
1 — > U(l) — > LG X — ► LG — > 1, associated to (k, We classify all irreducible positive energy 
representations of LG X following the work of Toledano Laredo in [5()| . 
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Let Rk, x (LG) be the Abelian group generated by the positive energy, irreducible representa- 
tions of LG X . We define the category Q(k, x ),G of G-equivariant bundle gerbe modules of G(k,x).G- 
The quantization functor 

X(k, x ),G ■ Q{k, x ),G — ► Rk :X ( LG ) 
can also be established (See Definition 16. 13(1 . 

When k is multiplicative and \ is the trivial homomorphism 1, then Qtk,i),G admits a natural 
fusion product structure whose resulting category is denoted by (Q(k.i),G^)- Then X(k,i),G 
induces a ring structure on Rk y i(LG) (Cf. Theorem 16. 16fl . 

2. Bundle gerbe Z)-branes 

It is now known that the "B-fields" on a manifold M can be described by a bundle gerbe 
with connection and curving, and topologically classified by the degree 2 Deligne cohomology 
H 2 (M,T> 2 ). (This was understood in JOj using [2"%]V Explicitly, choose a good covering {Ui} 
of M. Denote double intersections Ui n Uj by Uij and extend this notation in the obvious way 
to n-intersections. Then a degree 2 Deligne cohomology class is given by an equivalence class of 
triples 

\9ijki Aij, Bi) 

where gijk £ C°°(Uijk : U (1)), Aij £ Q, 1 (Uij , iM) and Bi S fl 2 (Ui, iM) satisfy the following cocycle 
condition 

9ijkg^jgikigJ k ) = l, on u m 

Aij + Ajk + Aki = g^jkdgijk, on Uijk 
Bi — Bj = dAij on Uij . 

The equivalence relation is given by adding a coboundary term 

://,.// ,/.//,„. A, - A4- /',, '//',,. i 

for hij e C°°(Uij,U(l)) and A t S ^(Ui^R). 

Differential geometrically, a degree 2 Deligne cohomology class can be realized by a bundle 
gerbe with connection and curving over M |42j . A bundle gerbe Q over M consists of a quadruple 
(Q, m; Y, M) where Y is a smooth manifold with a surjective submersion tt : Y — * M, and a 
principal J7(l)-bundle (also denoted by Q) over the fibre product Y^ = Y x n Y together with a 
groupoid multiplication m on C/, which is compatible with the natural groupoid multiplication 
on yl 2 l. We represent a bundle gerbe Q = (Q, m; Y, M) by the following diagram 

(2.1) g 

yl 2 ] ? y 

with the bundle gerbe product m given by an isomorphism 

(2.2) m : p\g ® plG ^ p* 2 G 

of principal [/(l)-bundles over YW = Y x^Y x^Y, and p u i = 1,2,3 are the three natural 
projections from to yl 2 ] obtained by omitting the entry in position i for p». The maps 7Tj, 
j = 1, 2 are the projections onto the first and second factors in Y^. 
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A bundle gerbe with connection and curving Q over M is given by Ij2.1|l . together with a U(l)- 
connection A on the principal [/(l)-bundle Q over which is compatible with the bundle gerbe 
product m: 

™*(P*2 A ) =Pl A +P*3 A , 

and a 2-form B on Y, such that the curvature Fa of A, satisfies the relation 

F A =n* 1 (B)-7r* 2 (B). 

The connection A is called a bundle gerbe connection and B is called the curving of A. Then 
there exists a closed 3-form H called the bundle gerbe curvature of (Q, A), such that dB = ir*H . 
(The notation is chosen to match with the corresponding objects in the Deligne point of view.) 

The characteristic class of the Deligne class [(gijk> A ij, BA] is given by the class of the Cech 
cocycle {g ijk }, in 

H 2 (M, U(l) ) = H 3 (M,Z). 

The corresponding class in iJ 3 (M, Z) for any realizing bundle gerbe Q is called the Dixmier- 
Douady class of Q. 

In |10| . bundle gerbe modules are defined to study twisted K-theory. Given a bundle gerbe 
Q = (G , Tn\ Y, M) over M, a rank n bundle gerbe module of Q is a rank n Hermitian vector bundle 
£ over Y, associated to a U (n)-principal bundle P over Y for which there is an isomorphism of 
principal bundles over Y^ 

(2.3) p : Q ® tt|P S irlP 

which is compatible with the bundle gerbe product: 

p o (m ® id) = p o (id® p). 

Note that a bundle gerbe Q admits a rank n bundle gerbe module {£, p) if and only if the 
Dixmier-Douady class of Q is a torsion class in H 3 (M, Z). 

Remark 2.1. The next definition is motivated by the following stringy considerations. In Type 
II superstring theory with non-trivial B-field on a 10-dimensional oriented, spin manifold M, a 
D-brane Q, as defined in j^Hl [S3, is given by a smooth oriented submanifold t : Q — ► M such 
that 

i*z B + W 3 (Q) = 0, 

where zb £ H 3 (M,Z) is the characteristic class of the B-field, and Ws(Q) is the third integral 
Stieffel- Whitney class, the obstruction to the existence of a Spin structure on Q. Now there 
is a torsion bundle gerbe Gw 3 (with the Dixmier-Douady class W^Q)) called the lifting bundle 
gerbe. It arises 021 from the central extension 1 — * U(l) — ► Spin c — ► SO — * 1. Denote by 
Gb the bundle gerbe determined by the B-field on M. Now if Wz(Q) = (that is, Q is a Spin c 
manifold), then l*zb = so that l*Gb admits a trivialization. 

Definition 2.2. Let G be a bundle gerbe over a manifold M equipped with a bundle gerbe 
connection and curving. 

(1) A rank 1 bundle gerbe £>-brane of a bundle gerbe G over M is a smooth oriented 
submanifold i : Q — > M such that i*Q admits a trivialization. Given a bundle gerbe 
connection and curving on G, a twisted gauge field on the £>-brane is a trivialization of 
the corresponding Deligne class. 

(2) A rank n bundle gerbe D-brane of a bundle gerbe G over M is a smooth oriented 
submanifold b : Q — > M such that l*G admits a rank n bundle gerbe module. A twisted 
gauge field on the Z?-brane is a bundle gerbe module connection on the bundle gerbe 
module. 
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(3) A generalized rank n bundle gerbe Z?-brane is a smooth manifold Q with a smooth 
map fj, : Q — ► M such that fj,*Q admits a rank n bundle gerbe module. A twisted gauge 
field on the D-brane is a bundle gerbe module connection on the bundle gerbe module. 

2.1. Equivariant bundle gerbe D-branes. Now we recall the definition of an equivariant 
bundle gerbe from [HH] (see also [HI])- Let M be a smooth G-manifold, acted on by G from 
the left. A G-equivariant bundle gerbe over a G-manifold M is a bundle gerbe (Q,m;Y,M) 
where Y is a smooth G-manifold with a G-equivariant surjective submersion 7r : Y — > M, 
and a G-equivariant principal [/(l)-bundle (also denoted by Q) over the fibre product Y^ = 
Y X W Y together with a G-equivariant groupoid multiplication m on Q. Note that the diagonal 
embedding of G into G p defines an action of G on 

Y^=Yx M Yx M ---x M Y. 

V v ' 

p times 

A G-equivariant bundle gerbe Q defines a bundle gerbe 

(EG x G g,m,EG x G Y,EG x G M) 

over EG x G M whose Dixmier-Douady class defines an element in 

H G (M,Z) = H S (EG x G M,Z), 

called the equivariant Dixmier-Douady class of Q . 

Conversely, given an element of H G (M, Z), Section 6 of associates to it a G-equivariant 
stable projective bundle over M whose structure group is Pf (Tl) with the norm topology (or 
the compact-open topology), satisfying some mild local conditions. That is, there is a bundle 
of projective spaces P with G-action, mapping P x to P g . x by a projective isomorphism for any 
x G M and g e G, and satisfying 

(1) P is stable, i.e., P P <g> L 2 (G); 

(2) each point x £ M with isotropy group Gj, has a G x -invariant neighbourhood U x such 
that there is an isomorphism of bundles with G^-action 

P\u* =U x x F(H X ) 

for some projective Hilbert space F(H X ) with G^-action; 

(3) the transition functions between two trivializations are given by maps 

U x n U y — > Isom(H x , Tiy) 

which are continuous in the compact-open topology. 

As shown in [37], given such a G-equivariant stable projective bundle V over M, the lifting 
bundle gerbe ( |42|) associated to the corresponding principal bundle and the central extension 
1 — ► U(l) — > UiTL) — ► FU(H) — > 0, is a G-equivariant bundle gerbe. The following construc- 
tion is, in a sense, a special case of this more general approach. With LG being the smooth loop 
group G°°(S' 1 , G) and f2G the based loop group we have LG = Gx HG. There is a G-action on 
flG given by conjugation. 

Proposition 2.3. Given an LG-manifold M with a free QG-action such that the quotient map 

7T : M M := M/ilG 

defines a locally trivial principal QG-bundle, then the lifting bundle gerbe over M arising from 
a central extension 1 — ► U(l) — ► f2G — > QG — ► 1 is a G-equivariant bundle gerbe over M . 
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Proof. It is easy to see that the quotient map ir : M — ► M is a G-equivariant surjective submer- 
sion. The lifting bundle gerbc is represented by the diagram 



M 



M 



where g : — ► OG is determined by x 2 = g(x\,X2) ■ X\ for (x\, x%) <G M^ 2 \ and satisfies 

g(x2, x 3 ) ■ g(xi,x 2 ) = g(xi,x 3 ) 
for (xi, X2, x 3 ) €E M' 3 '. The bundle gerbe product is given by 

which maps 

((ail, x 2 ,7i), (2:2,2:3,72)) i-> (#1,2:3,71 • 72) 

for 71 G (ilG)g( ;Elj2 ; 2 ) and 72 € (^C)g(j; 2i2:2 ). Under the conjugation action of G on f2G, we see 
that the central extension 1 — *• U(l) — ► flG — > flG — > 1 is G-equivariant. This implies that 
g*flG is G-equivariant. It remains to show that the bundle gerbe product m is G-equivariant. 
Using the fact that the OG-action on M is free and a direct calculation from the definition of 
g, we obtain, for g G G 

g{g ■ x x ,g ■ x 2 ) = g ■ g(xi,x 2 ) ■ g~ x . 
From this equation we deduce the following commutative diagram 



((2:1,2:2,71), (2:2,2:3,72)) h 



(2:1,2:3,7172] 



({g%i,g%2,Ad g (<yi)),(gx2,gx3,Ad g (-y 2 ))^ I ^ {gx u gx 3 ,Ad g (^ 2 ))- 

i.e., m is G-equivariant. Hence the lifting bundle g*QG over M is a G-equivariant bundle 
gerbe. □ 

Given any positive energy projective representation of f2G acting on H. of level determined 
by the central extension of f2G, we see that 



M x nG P(H) 



M 



is a G-equivariant stable projective bundle over M whose invariant (Cf. 5 ) in Hq(M, Z) agrees 
with the equivariant Dixmier-Douady class of the lifting bundle gerbe defined in Proposition 

Given a G-equivariant bundle gerbe Q — (Q,m;Y, M) over M, a rank n G-equivariant bundle 
gerbe module of Q is a bundle gerbe module (£,p), such that £ is a G-equivariant Hermitian 
vector bundle over Y, and the bundle gerbe action p in 12. 3|) is G-equivariant. 
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Definition 2.4. We call a generalized rank n bundle gerbe D-brane (Q,p) of a G-equivariant 
bundle gerbe Q equivariant if Q is a G-manifold and p is G-equivariant with respect to the 
conjugate action of G on itself such that p-*(G) admits a rank n G-equivariant bundle gerbe 
module. 

Following [12] for the Wess-Zumino-Witten model on a group manifold G, the conjugacy 
classes of G give so-called symmetric D-branes. We will see that they provide many examples 
of rank 1 G-equivariant bundle gerbe D-branes in G and in fact that any quasi-Hamiltonian G- 
manifold corresponding to a pre-quantizable Hamiltonian LG-manifold at level k is a generalized 
rank 1 G-equivariant bundle gerbe D-brane. 

3. Bundle gerbe D-branes from group-valued moment maps 

Until the end of Section 5, G will denote a compact, connected and simply-connected simple 
Lie group with Lie algebra g. We fix a smooth infinite dimensional model of BG by embedding 
G into U (N) and letting EG be the Stiefel manifold of N orthonormal vectors in a separable 
complex Hilbert space. 

Let < ■, ■ > be the normalized invariant inner product on g such that the highest co-root with 
respect to a basis of the root system for a fixed maximal torus in G has norm 2. Then k < ■, • > 
defines an element in 

£T 4 (BG,Z) = ff 3 (G,Z) = Z, 
which in turn determines a central extension of LG at level k (J43p: 

1 -► [7(1) — ► L~G — ► LG — > 1. 

There is a technical issue, namely we need to complete the smooth loop loop group LG in an 
appropriate Sobolev norm for the ensuing discussion. None of the constructions in the previous 
Section are changed by using this completion. Thus in the above exact sequence we let LG 
consist of maps of a fixed Sobolev class l? v (p > 3/2). The based loop groups will continue to 
be denoted by flG. The Lie algebra of LG is the space of maps Lg = Map(S 1 , g) of Sobolev 
class ip_!- Denote by 

Lg* = n 1 (S\g) 

whose elements are of Sobolev class p — 1. Note that Lg* C (Lg)*, via the natural pairing of 
Lg* and Lg 

(o,0 = / <a,£> ■ 
Js 1 

We can view Lg* = il 1 (5 1 ,g) as the affine space of L^^-connections on the trivial bundle 
S 1 x G, with an LG-action by gauge transformations (the affine coadjoint action at level k): 

(3.1) 7 • A = Ad y A - k~f*9. 

Then there is a well-defined holonomy map 

Hoi = Hoh ■ Lg* — ► G 

defined by solving the differential equation 

d 

Hols(a)^ 1 —Hol s (a) — k~ 1 a, Holo(a) = e 

where s is the coordinate of R, and S 1 = M/Z. The holonomy map Hoi is equivariant with 
respect to the evaluation homomorphism LG — > G, 7 1— * 7(1), and the conjugate action of G on 
itself. 
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We remark that the holonomy map Hoi : Lq* — > G also defines the universal f2G-principal 
bundle over G, and for a £ Lq* — il 1 (S ll ,fl), the stabilizer of a for the LG-action, denoted by 
(LG) a , is diffeomorphic to Gjj i( a \, the centralizer of Hol{a) in G. 

3.1. Equivariant bundle gerbes over G. Denote by 8,8 £ J7 1 (G, g) the left- and right- 
invariant Maurer-Cartan forms. In a faithful matrix representation p of G, 8 = p~ 1 dp and 
8 = dpp^ 1 . Let 0fc £ n 3 (G) be the canonical closed bi-invariant 3- form on G: 

e fc = ^<e, [8,6] >=^<o, [M>- 

Then <dk represents an integral de Rham cohomology class of G in H 3 (G, K) defined by k £ 
H A (BG, Z) Z. 

The lifting bundle gerbe construction of 42: starts from the universal fiG-principal bundle 
Hoi : Lq* — > G and the central extension 1 — > f/(l) — > f2G — > OG — > 1 determined by 
the element k £ H 4 (BG,Z) = Z. Then set Gk = <ff2G where g : (Lq*)® _> ftG is defined by 

6 =5(6,6) -6 for (6,6)G(is*) [2] - 

Proposition 3.1. The lifting bundle gerbe Gk is a G-equivariant bundle gerbe over G, whose 
equivariant Dixmier-Douady class is the class in Hq(G,Jj) = Z represented by 0^.. 

Proof. Under the identification Lq* = ^(S 1 ,^) determined by k £ H 4 (BG,Z) = Z, the LG- 
action on Lq* makes the holonomy map 

Hoi : Lq* — ► Lq* /QG = G 

a G-equivariant principal fiG-bundle with the conjugation action of G on f2G. Then from 
Proposition 12.31 and the discussion after the proof of Proposition 12.31 we see that Gk is a G- 
equivariant bundle gerbe over G, and the Dixmier-Douady class agrees with the non-equivariant 
Dixmier-Douady class of Gk under the isomorphisms 

H%(G, Z) = Z = tf 3 (G,Z), 

for any connected, compact, simply-connected simple Lie group G. □ 

3.2. Quasi-Hamiltonian G-spaces and Hamiltonian LG-spaces. We begin with a review 
from 1 of the definition of a group-valued moment map for a quasi-Hamiltonian G-space. 

Definition 3.2. A quasi-Hamiltonian G-space is a G-manifold with an invariant 2-form 
u> £ fl 2 (M) G and an equivariant map p £ C°°(M, G) such that 

(1) The differential of to satisfies dui = p*Q k - 

k 

(2) The map p satisfies t(«g) = —p* < 8 + 6,£ >, where v^ is the fundamental vector field 

on M generated by £ £ q. 

(3) At each x £ M, the kernel of oj x is given by 

keruj x = {w 5 | £ £ ker(Ad fl{x)+1 )}. 

The map p is called the Lie group valued moment map of the quasi-Hamiltonian G-space 
M. 

Basic examples of quasi-Hamiltonian G-spaces are provided by conjugacy classes C C G as 
in £Q, where the one-to-one correspondence between Hamiltonian loop group manifolds with 
proper moment map and quasi-Hamiltonian G-manifold is established. 
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Definition 3.3. A Hamiltonian LG-manifold at level k is a triple (M, u), /t), consisting of 
a Banach manifold M with a smooth LG-action, an invariant weakly symplectic (that is, closed 
and weakly nondegenerate) 2-form Cj and an equivariant moment map fx : M — > Lq*: 

l{v^)Cj = d k < /}, £ > . 
Js 1 

Remark 3.4. It will be important later to observe that a Hamiltonian LG-manifold at level k is 
a Hamiltonian LG-manifold M with an LG-equivariant moment map 

ft:M — ► Lq* = Lq* x {k} ^ Lq* R, 

where LG acts on Lq* x {k} by the conjugation action. This conjugation action defines an affine 
coadjoint action of LG at level k. 

A Hamiltonian LG-manifold (M , Cj, p,) at level k is pre-quantizable if M has an LG- 
equivariant Hermitian line bundle C — > M , with an invariant connection V whose curvature 
is given by —2ttiCj and 

2irki < /t, £ >= Vert(£c)- 
Here £c denotes the fundamental vector field on C and Fert : TC — * T£ is the vertical projection 
defined by the connection V. We call (C, V) the pre-quantisation line bundle for (M,uj,jl). 

Given a Hamiltonian LG-manifold (M, Cj, at level k with a proper moment map, then the 
f2G-action on M is free and the quotient space M/CIG is a compact, smooth manifold of finite 
dimension. We define the holonomy manifold of M as M — M/flG, then the following diagram 
commutes 

(3.2) M^Lg* 

Hoi 

M G. 

There exists a unique invariant 2-form uj such that (M, ui,fi) is a quasi-Hamiltonian G- manifold 
with Lie group valued moment map \i. 

Conversely, given a quasi-Hamiltonian G-manifold (M, oj, fi), there exists a unique Hamilton- 
ian LG-manifold (M, w, /t) at level k such that M — M/flG, and the commutative diagram 
(13.21) holds. In fact, M = M Xg Lg* is a principal OG-bundle over M and the LG-invariant 
weakly symplectic 2-form is given by 



J Js<Hol* s (e),-^Hol* s (9)>, 



OJ = 7T U) + fl VJ 

where w is the following 2-form on Lq* 

07 = — 

2 

satisfying Hol*®k — —dm (For details, see Theorem 8.3 in pQ). 

Example 3.1. (Cf. Proposition 3.1 in 1.) Choose a maximal torus T in G with its Lie algebra t. 
The integral lattice C t (the co-root lattice) is the kernel of the exponential map exp : i — * T. 
Let R and R y be the root system and the co-root system of G. The root and co-root lattices 
A r C t* and C t are the lattices spanned by R and i? v with their Z-basis given by simple 
roots and simple co-roots 

A = {ai, • • • , a n }, and A v = {a^ , • • • , a^} 
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respectively, where a x 



2a 



< a, a > 



The weight and co-weight lattices A^, C t* and C t are 



the lattices dual to and A r . Then affine coadjoint LG-orbits at level k are labelled by 

Uk = {A G t*| < A, aj >> for any simple co-root ctj, < A, i? >< fc} 

where d is the highest root in R with respect to A. We denote by 0\ the affine coadjoint 
LG-orbit at level k through A G Uk- The conjugacy classes in G are labelled by elements 

„2iTi\ 
exp{—£—) 

under £1 = 0* defined by k < •, ■ >. A conjugacy class C\ (for A G Uk) in G 

{g = g a ■ exp(^^) ■ g^lgo G G} 



has a canonical 2-form 



to(g) = -<9,(l-Ad g )- 1 (9)> 



such that do; = 6fc|c A an d is a quasi-Hamiltonian G-manifold with moment map the 

embedding C c — > G. The corresponding Hamiltonian LG-manifold at level A; is given by the affine 
coadjoint LG-orbit C>. Then as a Hamiltonian LG-manifold at level k is pre-quantizable if 
and only if 

A G A*. := A lu flWt, 

whose elements are called the dominant weights at level k. The pre-quantization line bundle 
over 0\ is given by 

LG x- 



-(*A,1) 



where LG\ acts on Cux,i) with weight (*A, f), *A is the dominant weight of the irreducible 
representation of G complex conjugate to the one with weight A.. The geometric quantization 
on 0\ by the Borel-Weil construction as in |43j gives rise to the irreducible positive energy 
representation of LG with the highest weight (A, k). 

3.3. Equivariant bundle gerbe modules. Our main theorem in this Section is the following 
existence result for generalized G-equivariant bundle gerbe modules in terms of pre-quantizable 
Hamiltonian LG-manifolds at level k. 

Theorem 3.5. Given a quasi-Hamiltonian G-manifold (M,u,fi) such that the corresponding 
Hamiltonian LG-manifold (M , lj, ft) at level k is pre-quantizable and the moment map ft is 
proper, then the pull-back of the bundle gerbe Gk over G, \x*Qk, admits a canonical G-equivariant 
trivialization 



mm 



M 



M 

where C^j is the pre-quantization line bundle over M, and S(C^j 



ir* 2 £ 



M 



1 M 
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Proof. The pull-back of the bundle gerbe Gk is determined by the following diagram: 

ti*Gk 



MP] 



M 



M 

Specifically /i*Gk is the pullback to JW' 2 ' of the U(l) bundle determined by the central extension 
U(l) — » flG — > 17G corresponding to 0fe under the map <?m : M^l — ► fiG defined by xi — 
9m(xi, X2) ■ Xi for (xijJCj) G M^ 2 1. For a pre-quantizable Hamiltonian LG-manifold {M, &),(£) 
at level fc, the pre-quantization line bundle £^ carries an f2G-action such that the following 
diagram commutes: 

QG x C Kl *- Cfy 

flG x M >- M. 

This implies that, for (xi,x 2 ) € 

The associativity of the fiG-action ensures that is a rank one bundle gerbe module of [i*Gk- 
As a rank one bundle gerbe module of [i*Gki we know that 

As the pre-quantization line bundle is actually an LG-equivariant line bundle, we imme- 
diately know that the rank one bundle gerbe module (C^ , M) is G-equivariant in the sense that 
Cj^ is a G-equivariant line bundle over M and the bundle gerbe action 

is G-equivariant. □ 

Remark 3.6. In the set-up of differentiable stacks and their presenting Lie groupoids, a more 
general moment map theory is developed in |56j . Results analogous to Theorem 13.51 in terms of 
pre-quantizations of quasi-symplectic groupoids and the compatible pre-quantizations of their 
quasi-Hamiltonian spaces are also discussed in |34j for non-equivariant cases. 

From this theorem, we can deduce easily the following existence result for equivariant bundle 
gerbe D-branes of the bundle gerbe Gk over G. 

Corollary 3.1. Given a quasi-Hamiltonian G-manifold (M,u>,fi) such that the corresponding 
Hamiltonian LG-manifold (M,u,fX) at level k is pre-quantizable and proper, then [M, Lu,fi) is a 
generalized rank one G-equivariant bundle gerbe D-brane of Gk- 

For the quasi-Hamiltonian G-manifolds from conjugacy classes C\ in G, we obtain the cor- 
responding symmetric _D-brane in G, which is pre-quantizable if and only if A is a dominant 
weight at level k. 
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Remark 3.7. Relax the pre-quantizable condition in Corollary 13. II on (M,ui,[m) to allow M to 
have an LG-equivariant Hermitian vector bundle £ — > M of rank n, with an invariant connection 
V whose curvature is given by — 27rid) ® Id. Then the same proof implies that there exists a 
G-equivariant bundle gerbe action 

that is to say, (M, u>, fj,) is a generalized G-equivariant bundle gerbe D-brane of rank n. 

4. Moduli spaces of flat connections on Riemann surfaces 

In this section, we recall a particular class of quasi-Hamiltonian G-manifolds, given by the 
moduli spaces of flat connections on Riemann surfaces with boundaries. 

Denote by As^ the space of G-connections on the trivial principal G-bundle over S 1 . 
The holonomy map Hoi : As± — ► G defines a principal fiG-bundle over G, where FIG is 
the based loop group, identified with the based gauge transformation group under a choice of 
parametrization of S 1 . With a fixed trivial connection, we can identify ^4gi with SI 1 (5" 1 , g). Using 
the isomorphism g = g* defined by <, >, we have As^ — ^0*. We know that Hoi : Asi — > G 
agrees with the universal ilG-bundle over G constructed in proposition 3.2. The bundle gerbe 
Gk over G is the lifting bundle gerbe (Cf. |42| ) associated to the principal JlG-bundle Agi —* G: 

(4.1) Gk 



A^^As 



G 

such that Qk — .9*(^G), where S1G is the central extension U(l) — > flG — > f2G determined by 
4> e H 4 (BG,Z) (Cf. B3|), and g : A l g\ -> flG is defined by A 2 = A± ■ g{A 1 ,A 2 ) for (A 1 ,A 2 ) £ 
A^\. The full gauge group (identified with LG) action and Proposition 12 . 31 tell us that Gk is a 
G-equivariant bundle gerbe over G with equivariant Dixmier-Douady class k £ Z = iJg(G,Z). 

The classifying map for the universal fJG-bundle over G, a homotopy equivalence between 
Vt(BG) and B(£IG) and the evaluation map from S 1 x il(BG) to BG define a homotopy class 
of maps, formally denoted by [ev] : 

[ev] : S 1 x G - S 1 x BOG - S 1 x fi(SG) -> BG, 
such that the Dixmier-Douady class of Gk is given by the cohomology class 

Mfe] = / °M(0), 

where € H 4 (BG, Z) is defined by <, >. 

Now, given a Riemann surface with one boundary component which is pointed by fixing a 
base point on the boundary, denote by Ms 

{flat I? _i G-connections on £ x G} 

P 2 



{ 3 : L* +i ( E) G) | 5 ( base point ) = Jd S G} ' 



the based moduli space of flat G-connections on £ (that is, the space of flat G-connections on 
£ x G modulo gauge transformations which are the identity at the base point). Note that the 
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based moduli space Ms is a finite dimensional smooth manifold and the boundary holonomy 
map defines a group valued moment map (Cf. 1 ) /is : Ms — ► G. There is a canonical 
principal G-bundle with connection over E x Ms given by choosing a classifying map 

(4.2) Ev : £ x Ms — ► BG, 

such that ev, the restriction of Ev to x Ms = S 1 x Ms, represents a map in the homotopy 
class of maps: 

, Idx^s [ev] 

S 1 x Ms *■ S 1 x G »» BG. 

i 

Now we can represent by a differential form $( — F&) on BG, where $ is the corresponding 

2tt 

G-invariant degree two polynomial on the Lie algebra q of G, determined by the inner product 
<■,-,> on q. Then from direct calculation, we see that 

d( I Ev**(±F A )) = Ms / ev*$(±F A ). 
Js ZlT Js 1 Zn 

Hence is exact so the Dixmier-Douady class of the pullback bundle gerbe fi^Gk over Ms 

is trivial. 

Proposition 4.1. The quasi-Hamiltonian G-space (Ms, Us) determines a unique Hamiltonian 
LG-space at level k which is diffeomorphic to 

/4Asi = Ms *gA s i= Ms, 

with Ms is the moduli space of flat connections modulo gauge transformations which are the 
identity on the boundary. Moreover the Hamiltonian LG-manifold Ms is pre-quantizable and 
admits a proper moment map, hence (Ms, Us) is a generalized rank 1 G-equivariant bundle 
gerbe D-brane ofQk- 

Proof. By results in 0] and (20], Ms is an infinite dimensional symplectic manifold admitting 
a residual Hamiltonian action of LG at level k, whose moment map is given by the pullback of 
connections to the boundary 

jls : Ms — ► As 1 - L B*- 
The induced fiG-action is free on Ms such that the quotient map Ms — > Ms is the induced 
principal ilG-bundle and the following diagram is commutative: 

(4.3) Xis^Lg* 

Hoi 

Ms^^G. 

which confirms fi^Agi = Ms, and the moment map (Is is proper. 

Now we give a construction of a pre-quantization line bundle following and 0] . Denote by 
A^ at the space of flat G-connections on £ x G, and denote by Qo(E) and Qo(d'S) the based gauge 
transformation groups on £ and 9£ respectively. Let (?(£,<9£) be the kernel of the restriction 
map to the boundary 

(4.4) d: & (E) — ► Go(dZ) Si flG 

then (?(£,$£) consists of those gauge transformations which are the identity on the whole 
boundary. Since G is simply connected, we have the following exact sequence 

1 -» 0(£, d£) — » &(£) — » Go(d^) -» 1, 



FUSION OF SYMMETRIC D-BRANES AND VERLINDE RINGS 



17 



and the principal SIG-bundle Ms — ► Ms is induced by the residual action of the gauge group 
0o(£). 

The pullback of the central extension 1 — » £7(1) — > JIG — ► JIG — > 1 under the map d l|4.4|l 
defines a central extension <?o(£) of Qo(Ti) whose 2-cocycle is given by 

(4.5) c(gi,g 2 ) = exp{2m / < gf 1 dgx.dgig^ 1 >), 

It is known that this extension has a canonical trivialisation over (?(E, <9E) c Gq(T,). 

The pre-quantization line bundle over A.^ at is given by the trivial line bundle A(! af x C with 
connection 1-form 

6 A : TaA^" 1 = {a G r2 1 (S,g)|da = 0} — > M 

(4.6) 

Q! i — ► / < a, ^4 > 



E 



Here fi 1 (S, £j) is the space of Lie algebra g valued 1-form on E. This pre-quantization line bundle 
admits a connection-preserving action of Go(T,) via the local action 

(g,z) ■ (A,w) = (g ■ A,exp(-2ni / < g^ 1 dg,A >)zw), 

Js 

whose quotient under the £7(2, <9E)-action 

£ s = {A{t at x C)/£(E,9E) 

is the pre-quantization line bundle over .Ms- 

We claim that /is : Ms —> G is a generalized rank 1 bundle gerbe Z?-brane, with the canonical 
trivialisation of fJ-^Gk given by 

(4.7) ^Gk-S(C^) 



M 



[2] 



■Mi 



Mi 



where Cs is the pre-quantization line bundle over Ms in |39 j |53 ) . 

As £s carries an action of LG, it is straight forward to show that Cs is a G-equivariant 
bundle gerbe module of n^Gk (see the proof of Theorem I3.5fl . therefore, we have shown that 
fi^Gk — as in l|4.7|l . The connection 9 <|4.6[1 on A^ at x C descends to a bundle gerbe 

module connection on Cs- Hence, (Ms, [is) is a generalized rank 1 G-equivariant bundle gerbe 
D-brane of Gk- D 



4.1. Relationship with C hern- Simons. In this subsection we summarise some observations 
about the present situation which may be deduced from |15j . In that paper the universal Chern- 
Simons bundle 2-gerbe associated to S H 4 (BG,Z) is defined to be a bundle 2-gerbe 
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(Q<p, EG^ ; EG , BG) with connection illustrated by the following diagram: 

(4-8) Gr W 



Q<t> G 




BG 



The way to read this diagram is that is obtained as the pull-back of a multiplicative bundle 
gerbe G T (<p) over G, with connection and curving, whose bundle gerbe curvature r(</>) g H 3 (G, Z) 
is determined by </> and where t : H 4 (BG,Z) — > iJ 3 (G,Z) is the usual transgression map. 

The technicalities in JS] are handled by recognising that transformations between stable 
isomorphisms of bundle 1-gerbes provide 2-morphisms making the category BGrbjv/ of bundle 
1-gerbes over a manifold M and stable isomorphisms between bundle 1-gerbes into a bi-category. 
The space of 2-morphisms between two stable isomorphisms is in one-to-one correspondence with 
the space of line bundles over M. 

We also recall from the definition of a multiplicative bundle gerbe on a compact semi- 
simple Lie group G. Let BG, be the following simplicial manifold 

BG. = {BG n = G x • • • x G (n copies)} 

(where n — 0, 1, 2, • ■ • ), endowed with face operators iti : G n+1 — > G", (i = 0, 1, • • • , n + 1) 

{(gi,---,9n), i = 0, 

(gi, . . . , gi-xgi, g i+ i, . . .,g n ), l<i<n, 
(g ,...,g n -i), i = n + l. 

In particular, the face operators from GxG->G consist of 7To(gi,<?2) = 92, 7r i(9i:32) = <?i<72 
and 7r 2 (5i,g 2 ) = 9\ for (31,32) E G x G. 

The face operator 7^ : G n+1 — *■ G n defines a bi-functor 

7T* : BGrb G n ► BGrb G „+i 

sending objects, stable isomorphisms and 2-morphisms to the pull-backs by iti. 

Definition 4.2. (Cf. 15 ) A multiplicative bundle gerbe on G is a bundle gerbe Q over G 
together with a stable isomorphism 

m : ttqQ ® tt^G — > 7T*£/ 

over GxG, where 7r*C7 is the pull-back bundle gerbe over GxG, such that, the stable isomorphism 
rn is associative up to a 2-morphism in BGrbg X G X g: 

ip : n^m o (7Tq777 ® /<i) =>• 7rjm o (Id <gi 7rgm), 

for which the corresponding line bundle C v over G x G x G is trivial. Moreover, there is a 
canonical isomorphism between two trivial line bundles over G 4 with their induced trivializing 
sections: 
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The main result of ^Hl is that a bundle gerbe Q over G is multiplicative if and only if the 
corresponding Dixmier-Douady class lies in the image of the transgression map t : H 4 (BG, Z) — ► 
H 3 (G, Z). The relation between the Chern-Simons bundle gerbe and the moduli space of flat 
G-connections is given by the following proposition. 

Proposition 4.3. The transgression of our universal Chern-Simons bundle 2-gerbe Qrf, to the 
moduli space of flat G-connections on a closed Riemann surface is the Chern-Simons line bundle 
over the moduli space. 

Proof. Given a closed Riemann surface £ with a base point we cut S along a separating simple 
curve through the base point so that S = Si U51 £2 & n d £j is a Riemann surface with one 
pointed boundary. It is easy to see that the based moduli space of flat G-connections onExG 
is given by the fiber product of the group valued moment maps for Ms 1 and Ms 2 

M?, = M Sl -xgMt.2 

(4.9) = (M Sl x Mz 2 )//nG 

= x^ sl Mv 2 )/QG, 

with the induced map : Mt, ~> G. Here we use the notation "/ /" for the symplectic reduction 
by the diagonal ilG-action with respect to the moment map fi^x — (ly, 2 , as is a regular value 

O). 

(Asi - As 2 ) _1 (0) = A4 Sl x Asl M^ 2 , 

and the action of HG is free. 

The pull-back bundle gerbe over A^s from Qk over G now has two trivialisations from the 
canonical trivialisations of the pull-back bundle gerbes over Ms 1 and Ms 2 (see Proposition ^. 
These two trivialisations give a line bundle £s over Ms which we refer to as the transgression 
of 0,0. In |15) . there is a natural bundle 2-gerbe connection on Q^. The Chern-Simons bundle 
2-gerbe connection induces canonical bundle gerbe module connections on the bundle gerbe 
modules Cs x and Cs 2 - These bundle gerbe module connections define a canonical connection 
on the line bundle Cs . The curvature of this canonical connection is given by 

/ J-F Al )- / Ev* 2 $(^F A2 ) = [ Ev*$(^F A ), 

where Ev is the classifying map for the canonical G-bundle over £ x Ms with connection Ev*A, 
and $ is the corresponding G-invariant degree two polynomial on the Lie algebra g of G. This 
agrees with the curvature formula in for the Chern-Simons line bundle over Ms- □ 

4.2. Recasting the Segal- Witten reciprocity law. We now interpret the Segal- Witten reci- 
procity law (Cf. |12j ) from the viewpoint of bundle gerbes over G and their bundle gerbe 
D-branes. 

Let Gc be the complcxification of a connected, compact and semi-simple Lie group (not 
necessarily simply-connected) G. Let LGc denote the smooth loop group. A central extension 
of LG C by C* 

1 -> C* — ► LGc — ► LGc -» 1 

has the reciprocity property if, for an extended Riemann surface £ whose boundary dT, is a 
disjoint union of parametrized circles, the extension of G°°(<9£, Gc) induced by the Baer product 
of the extension of boundary components 

1 -» C* — ► C°°(d^Gc) — ► G°°(<9£, G c ) -> 1 
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splits canonically over the subgroup of holomorphic maps (denoted by Hol(T,,Gc)) from E 

to G c - 

We use se : Hol(E, Gc) — ► Hol(T^, Gc) to denote the canonical section of the splitting of the 
induced extension 

1 -» C* — ► HoUj^Gc) — ► FoZ(£, G c ) -» 1. 

Given a central extension LGc with the reciprocity property, LGc satisfies the glueing prop- 
erty if whenever an extended Riemann surface is obtained by glueing two extended Riemann 
surfaces Si and S2 along some boundary components with the obvious restriction maps 

Pi : Hol{Z,G c ) — ► Hol(Xi,G c ), 

then there is a canonical isomorphism between Hol(E, Gc) and p*Hol(Tli, Gc) <8> p^HoK^li, Gc) 
carrying the section ss to p\s^ ® P2 s s 2 - 

The Segal- Witten reciprocity law claims that an extension iJo/(E, Gc) satisfies the reciprocity 
and glueing properties if the characteristic class of the extension lies in the image of the trans- 
gression map r : H 4 (BG, Z) — ► H 3 (G, Z). In [T2|, the converse of the Segal- Witten reciprocity 
law is established: any extension of LGc satisfying the reciprocity and glueing properties must 
lie in the image of r. 

In the light of the properties of multiplicative bundle gerbes, their bundle gerbe modules 
and their relationship with the Chern-Simons bundle 2-gerbes, we can recast the Segal- Witten 
reciprocity law as in the following proposition for a simply-connected simple Lie group G. 

Proposition 4.4. For an extended Riemann surface £ = S 9i „ of genus g with n pointed and 
parametrized boundary components, the transgression of the Chern-Simons bundle 2-gerbe Q<p 
provides a canonical G-equivariant trivialization of the pull-back equivariant bundle gerbe 
associated to the group-valued moment map ps : .Ms — ► G n . 

Proof. Given Riemann surface £ = S ff) „ of genus g with n pointed boundary components 
UiLi^' ^ ne boundary holonomy map defines the group valued moment map for the based 
moduli space Ms, Pn ■ -Ms — ► G™. We can identify as before MsC^sO with 

{flat G-connections on £ x G} 



■Me = 



{ 5 :£^G| g\BE = Id€G} 



which is a infinite dimensional symplectic manifold carrying a Hamiltonian action of (LG) n . 
The corresponding moment map is given by the restriction map to the boundary components 
As : M-t, — ► {Lq*) h defining the following commutative diagram analogous to (|4.3|l : 

(4.10) M s — (LqT 

Hoi 

-Ms— ^G™. 



Therefore, the pull-back bundle gerbe 



over .Ms, where pi : G" — > G is the projection on its i-th factor, has a canonical trivialisation 
given by the pre-quantization line bundle Cs over A^s by a construction analogous to that in 
the proof of Proposition 14.11 Hence, (.Ms, Ms) gives rise to a generalized equivariant bundle 
gerbe D-branc in G™. □ 
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Remark 4.5. To see precisely the relationship between the Segal- Witten reciprocity law and our 
Proposition 14 . 41 we remind the reader of the following two observations. 

(1) Proposition ^ .41 holds for all Sobolev classes L? v and the corresponding moduli space M.^ 
contains a dense set C°°(c?£, Gc) / '-HoZ(£, Gc) which is a Frechet manifold. 

(2) The pre-quantization line bundle £e is given by the extension of 

(C°°'(d^Gc)/Hol(£, G c )) x P C 
where the canonical splitting over Hol(T,, Gc) enters naturally. 

It is not hard to see that these canonical trivialisations obtained from the transgression of our 
universal Chern-Simons bundle 2-gerbe satisfy natural glueing properties under cutting and 
pasting of Riemann surfaces. 

4.3. The multiplicative structure of Qk- We assume that the classifying map for the prin- 
cipal G-bundle over £o,n is given by a smooth map Eo.fc — ► BG such that base points on the 
boundary components are mapped to a base point in BG. Then the based moduli space of flat 
G-connections on S , ra , still denoted by M.Y, , n , satisfies 

n 

•MS ,„ ={(ffl,--- ,9n)eG n \Y[ gi = l}. 

i=l 

For a sphere with three holes So, 3, the pull-back bundle gerbe over Ms 3 is isomorphic to the 
bundle gerbe 

KGk)=Pl{Gk)®Pl{Gt)®pt{Gk) 

over GxG, where : G x G — > G is given by TTo(gi, #2) = 32, ni(gi, 52) = 3132 and ^2(51,52) 
7 for ((71,32) G G. Then the induced canonical trivialisation of 5(Gk) defines the multiplicative 
structure on Qk (see The associator for the multiplicative structure is given by the canonical 

trivialisation of the pull-back bundle gerbe over the based moduli space 

Ms 0A =GxGxG 

of flat G-connections on a sphere with four holes, So, 4, and the induced trivialisations from 
two ways of decomposing the four holed sphere into three holed spheres. The cocycle condition 
for the associator is given by the canonical trivialisation of the pull-back bundle gerbe over the 
based moduli space 

M Eo , 5 =GxGxGxG 
of flat G-connections on a sphere with five holes, £0,5, and various ways of decomposing the 
5-holed sphere. 

5. Spin c QUANTIZATION AND FUSION OF D-BRANES 

Fix a quasi-Hamiltonian G-manifold (M , lu, fi) with corresponding pre-quantizable Hamilton- 
ian LG-manifold (M, w, /t) at level k, as illustrated in the following diagram 

(5.1) (M, uj) - * L B * 

Hoi 

(M,w)— ^(G,6 fe ). 

From Theorem 18.51 we know that M, together with the pre-quantization line bundle C = C^, 
defines a generalized rank one G-equivariant bundle gerbe module of Gk over G. Equivalently, 
(M,uj,fi) is a generalized G-equivariant bundle gerbe Z?-brane of Qk- In this section, we will 
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define a quantization procedure which gives rise to an element in Rk(LG) for any pre-quantizable 
Hamiltonian LG-manifold (M,u;,p,) at level k. We will apply the fusion product defined in |4()| 
for pre-quantizable Hamiltonian LG-manifolds at level k to show that our quantization functor 
from the category of generalized G-equivariant bundle gerbe modules of Qk to Rk(LG) commutes 
with these fusion products. 

Suppose that A is a quasi-regular value of jl. The Hamiltonian reduction at the dominant 
weight A of level k, given by 

M x := fi- 1 (X)/(LG) x S fr\O x )/LG, 

is a symplectic orbifold with the reduced symplectic form ui\ and a pre-quantization line bundle 
with a connection Va 

C x := £|/i-i(A) x (1g )a c (*a,i), 
where *A is the dominant weight of the irreducible representation of G dual to the one with 
weight A, (LG) X acts on C(*x,i) with weight (*A, 1) (Cf. |3] and [SHI)- Choose an almost complex 
structure J, compatible with l>\, which defines a canonical Spin structure S := Sj . Twisted 
by the pre-quantization line bundle C\, a Hermitian connection on TM\ defines a Spin c Dirac 
operator 

$ x :r Ll {s + ®£ x )^r Lli (s-®£x). 

The index of <j)\, denoted by Index($\, M\), is independent of the choice of the almost complex 
structure and the Hermitian connection. The symplectic invariant defined as the index of @\, 
Ind(q)\), is a rational number in general (an integer if M\ is a smooth symplectic manifold). 

Remark 5.1. (1) If M\ is Kahler and (La, Va) is holomorphic, then the canonical Spin c 
bundle and the Spin c Dirac operator are given by 

g± = A 0.even/odd( T * Mx ^ ^ = ^(cV, + <^J. 

Hence, we have 

Index($ x ,M x ) =x(M A ,£ A ), 

the Euler characteristic for the sheaf of holomorphic sections of C\. 
(2) Let _Ms 3 (*A, *u, v) be the Hamiltonian reduction of Mz 3 at (*A, */x, v) £ (A^.) 3 , then 
the index of the Spin" Dirac operator on Ais 3 (*A, v), see jS] 

Index($,M-£ 0i3 (*A, *u, v)) = N^, 

the fusion coefficient determined by the Verlinde factorization formula ([HI])- The van- 
ishing theorems for higher cohomology groups in |3§J imply that N% agrees with the 
dimension of the space of holomorphic sections of the pre-quantization line bundle over 
the reduced space M.s , 3 (*A, *u, v). 

Definition 5.2. The quantization of a pre-quantizable quasi-Hamiltonian G-manifold (M, to, u) 
at level k is defined to be 

Xk.G(M) := Xk, G (M) = ]T Index($ x ,M x ) ■ X xm e R k (LG) 

where xa.a is the character of the irreducible representation of LG with highest weight (A, k), 
and Rk (LG) is the Abelian group generated by the isomorphism classes of irreducible positive 
energy representations of LG at level k. Equipped with the fusion product 

Xx,k *Xn,k = N x^Xf,k- 
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(Rk(LG), *) becomes the Verlinde ring. 

It was shown in |25| that (Rk(G), *) can be identified with the G-equivariant twisted if -group 
KQ™!f{G) for the conjugacy action of G on itself, where h v is the dual Coxeter number. This 
motivates the following definition. 

Definition 5.3. The category of equivariant bundle gerbe D-branes of the equivariant bundle 
gerbe Qk over G is given by the category of pre-quantizable quasi-Hamiltonian G-manifolds 
whose objects are (M,uj,/j,) and the morphism between (Mi,wi,/xi) and (M2, 0*2,^2) is given 
by a G-equivariant map / : Mi — > M2 such that 

wi = f*w 2 , Mi = A*2 /• 

Equivalently, we say that the category of equivariant bundle gerbe modules of Qk is given by the 
category of pre-quantizable Hamiltonian LG-manifolds at level k with proper moment maps. 
We denote this category by Qc,k- 

On the category of pre-quantizable Hamiltonian LG-manifolds at level k with proper moment 
maps, there is a product structure, called the fusion product of Hamiltonian LG-manifolds 

in 40 . Recall from Section 21 that Ms 03 is the based moduli space of flat G-connections on 
S , 3 (the genus surface with 3 pointed boundary components). Note that Ms 03 is a quasi- 
Hamiltonian (G x G x G)-manifold, and the corresponding Hamiltonian (LG) 3 -manifold at level 
k is denoted by M Sg 3 : 



(i0*) 



*\3 



Hoi 



AlEo.a ^G 3 . 

Given a Hamiltonian LG x LG-manifold M at level k, 



M 



Lq* © Lq* 



Ho 



GxG 



then M x M^ 3 is a Hamiltonian (LG) 5 -manifold at level k. The diagonal embedding 

LGx LG — ► (LG x LG) x (LG x LG x LG), 

mapping (71,72) 1— > (71,72) X (7i,72,e) (where Ji(9) — Ji(—0) : E/Z — > G), defines a Hamilton- 
ian LG x LG action on M x Ms 3 with moment map 

M x M Eo 3 — ► Lq* © L * 

(z, [A]) 1 > //(x) -pn 2 o/t EOj3 ([A]) 

where pri2 denotes the projection from Lg* © Lg* © Lq* to the first two factors. As is a regular 
value of pr 12 o /i Eo 3 , we can define the Hamiltonian quotient, denoted by 

M x Mv 0> J/diag(LG) 2 , 

as the symplectic reduction 

A^(0)/(LGxLG). 
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Note that 

A*„ ff (0)/(£G x LG) = (M x ifl , eLB - M SOi3 )/(LG x LG), 

which is an LG x LG quotient of the fiber product of jj, : M — > Lg* Lg* and pri2 o /t£ 3 : 
Ms 3 ~~ * -^9* © ^0*- The remaining LG-action on Ms 3 descends to a Hamiltonian LG-action 
on M x Ms 3 / / diag(LG) 2 , with the natural moment map induced from the map 

W3 ° Aso. 3 M x M So 3 — > Lg* ® Lg* 

(x,[A]) ^ pr 3 o/i Eo3 ([4]) 

where pr% is the projection from Lg* Lg* Lg* to the third factor. As any A £ Lg* is a regular 
value of pry, o /tj> 3 , we can define the symplectic reduction of M x Ms 3 / /diag(LG) 2 at A as 

(prs °Aso, 3 ) _1 (0)/(iG)A S (M x M S0i3 (-,-,A))/dm 5 (LG) 2 , 

where Me 3 (•, •, A) is given by the subset of Ms 3 with holonomy around the outgoing boundary 
component in the conjugacy class C\ of G through exp(27r«A/A:). 

Definition 5.4. The fusion product on the category Qa,k is defined as follows: given two 
pre-quantizable Hamiltonian LG-manifolds (Mi,o)i,/ii) and (M 2 , £2, A2) at level k with proper 
moment maps, the fusion of product M1MM2 is the Hamiltonian LG-manifold at level k obtained 
as the Hamiltonian quotient 

Mi M M 2 := ((Mi x M 2 ) x M^ 03 )//diag(LG) 2 , 

with the resulting moment map denoted by fix * /2 2 ■ For two pre-quantizable quasi-Hamiltonian 
G-manifolds (Mi, u)\, fix) and (M2, u>2, 1^2)1 the corresponding fusion product is given by 

k 

M 1 ^M 2 = (Mi x M 2 , wi + uj 2 + 2 < Mi ) M^ >) Mi • M2)- 

Remark 5.5. By direct calculation, it is shown in |4L)| that 

Mv gi%ni K^s 92 ,„ 2 =7WE gi+92 , ni+n2 _ 1 , 
and, for three level k dominant weights A, fi and v in A*,, 

where 0a denotes the coadjoint orbit of the affine LG action on Lg* at level k with the corre- 
sponding quasi-Hamiltonian G-manifold given by 

C x = {g-exp(^)-g- 1 \g£G}. 

The fusion product on Qa,k is well-defined in the sense that given two pre-quantizable quasi- 
Hamiltonian G-manifolds (Mi, u>i, fii) and (M 2 ,liJ2, ^2) whose Hamiltonian LG-manifolds at 
level k are denoted by Mi and M 2 , then the corresponding Hamiltonian LG-manifold at level k 
for Mi M M 2 is given by 

M^Wm 2 = Mi M M 2 , 

which is also pre-quantizable. See for a proof of this claim. Moreover, modulo LG-equivariant 
symplectomorphisms, Qc.k is a monoidal tensor category: 

(1) For any Hamiltonian LG-manifold M at level k, there is an LG-equivariant symplecto- 
morphism M M HG = M, that is, f2G is the unit object. 
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(2) Let Mi, M 2 , M3 be Hamiltonian LG-manifolds at level k with proper moment maps. 
There exist LG-equivariant symplectomorphisms 

Mi Kl M 2 = M 2 M Mi, 

(Mi M M 2 ) M M 3 Mi M (M 2 IE1 M 3 ). 

The category Qc,k together with the fusion product is called the fusion category of equivariant 
bundle gerbe Z?-branes (Qc,k, Our main theorem about the structure of the category Qg,r 
is the following result on "quantization commutes with fusion" , which gives a geometric way to 
think of the ring structure on equivariant twisted i^-theory (cf |25|). 

Theorem 5.6. The quantization functor defined by the Spin quantization as in Definition \5.'A 

Xk,G ■ {Q.G,ki G3) — ► (R k (LG),*) satisfies 

(5.2) Xk,G{M x M M 2 ) = X k, G (Mi) * Xk, G (M 2 ), 

where the product * on the right hand side denotes the fusion ring structure on the Verlinde ring 
R k {G). 

Proof. By definition, we see that 

Xk,a(Mi Kl M 2 ) — Index($ v , (Mi H M 2 ) v ) ■ Xv ,k, 

and 

Xk,c(Mi) * Xk,G(M 2 ) = Ind ex(^x, (Mi)x) ■ Index(^, (M 2 )„) ■ ■ Xv ,k- 

Note that for v e A* k 

(Mi Kl M 2 ) v = {(Mi x M 2 ) x M^ X3 (v))//diag(LG) 2 . 
Applying Theorem 2.1 in |25] to the Hamiltonian L(G x G x G x G)-manifold at level k 

(Mi x M 2 ) x M^ 03 (v), 

we obtain 

Index($ v ,(Mi^M 2 ) v ) 
= Ea.juga* Index(@, ((Mi x M 2 ) x Ms 0i3 (j/))a >ai> *a,*m) 
= Ea, m gA* Index(@, (Mi x M 2 )a, m x Ms 0t3 (*A, f)) 

= Ea, m gAJ Index(@\, (Mi)\) ■ Index(^, (M 2 ) M ) • Index($, Mz 3 (*A, 1/)) 
- £a, mG a* ^ ' ^<M^, (Mi) A ) • Indexfa, (M 2 ) M ), 
which leads to 1)5. 2|l by direct calculation. □ 

For a dominant weight A of level k in A£, the pre-quantizable quasi-Hamiltonian G- manifold 
given by the conjugacy class C\ defines an object in Qk,G- Then it is easy to see that 

XkMCx) = XkMOx) = X.x,k e Rk(LG). 
Hence, the quantization functor Xk,G '■ Qk.G Rk(LG) is surjective. 
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6. The non-simply connected case 

For a compact, connected, non-simply connected simple Lie group G, there are a few subtleties 
in the construction of the fusion category of bundle gerbe modules. These issues also surface in 
the ring structure on the equivariant twisted K-theory of G, see for example |18| . 

Let G be the universal cover of G, G = G/Z, where Z is a subgroup of the center Z(G) of G, 

1->Z — > G — >G->1. 

and the covering map 7r : G — * G identifies Z with the fundamental group 7Ti(G). For a compact, 
connected and simply connected simple Lie group with non-trivial center, G is one of the Cartan 
series SU(n+l), Spin(2n + 1), Sp(n), Spin(An) : Spin(4n + 2), Eq and Ej with the center given 
by Z„ + i, Z2, Z2, Z2 x Z2, Z4, Z3 and Z2 respectively. 

The first subtlety comes from the non-connectness of the loop group LG, in fact its connected 
components are given by the fundamental group 7Ti(G). Let LqG be the identity component of 
LG, and QqG the identity component of f2G, then we have the following exact sequences: 

1^L G — ► LG — >Z^1, l^n G — >flG — >Z -► 1. 

We now note the following difficulties: 

(1) The central extension of LG, 1 — > U{\) — > LG — > LG — » 1, is not uniquely determined 
by a class cr € H 3 (G,Z), rather by a class in ff 3 (G, Z) Hom(Z, U(lf) (43 and j5U]). 

(2) The fusion object for the category of bundle gerbe modules for a non-simply connected 
G, as a moduli space of flat connections on £0,3 modulo those gauge transformations 
which are trivial on boundary components, is actually a Hamiltonian LqG x LqG x LqG- 
manifold at level k, not a Hamiltonian LG x LG x LG manifold. 

(3) The pre-quantization condition for Hamiltonian LoG-manifolds at level k, such as those 
from the moduli spaces of flat connections on a Riemann surface, only holds when the 
level k is transgressive for G. 

The second subtlety comes from the fact that we have to restrict to bundle gerbes P a whose 
Dixmicr-Douady class a lies in the image of r : H 4 (BG,Z) — > H 3 (G, Z) in order that P a is 
multiplicative. 

Remark 6.1. (1) For G = 50(3), a Dixmicr-Douady class a is transgressive if it is an even 
class in H 3 (SO(3), Z), equivalently, a multiple of 4 under the map 

H 3 (SO(3),Z) — ► H 3 (SU(2),Z) = Z. 

(2) For a general compact, connected, simple Lie group G, we have the following commuta- 
tive diagram: 

(6.1) H*{BG,Z) ^H 3 (G,Z) 

H i (BG, Z) -=->■ H 3 (G, Z), 

where H 4 (BG,Z) = H 3 (G,Z) = Z and the generator is determined by the basic inner 
product < •, • > on Q uniquely specified by requiring that the highest co-root of G has 
norm 2. Then each element in H 4 (BG,Z) is specified by its "level" k coming from 
identifying the induced inner product on q as being given by k < •, • >. 
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6.1. Some background about the center of G and the loop group LG. We first re- 
view some basic properties about the center of the universal cover G of G following |50) where 
irreducible positive energy projective representations of LG are classified. 

The center Z(G) can be characterized as follows: choose a maximal torus T of G with Lie 
algebra t, let R and i? v be the root system and the co-root system of G. The root and co-root 
lattices A r C t* and A^ c t are the lattices spanned by R and R v with their Z-basis given by 

A = {«!,•••, a n }, and A v = {o^ , • • • , a^} 
2a 

respectively, where a v = . The weight and co- weight lattices A^, C t* and AY, C t are 

< a, a > 

the lattices dual to AY and A r with their Z-basis given by the fundamental weights Xi and the 
fundamental co-weights AY such that 

< Xi, aj >=< AY, a j >= 5ij. 

Under the identification t = t* defined by the basic inner product, 

A r c A w c t* 
u u 
AY, c A^ c t, 

from which we know that 

(1) The map h w i— ► expf(2nih v ) induces an isomorphism AY^/AY. = Z(G), where expf 
denotes the exponential map for T. 

(2) The map sends /i € A w to the pairing fj,(expf(2irh v )) = e 27rl <i-^ h > induces an isomor- 
phism A w /A r S Hom(Z{G), 17(1)). 

There is another characterisation of Z(G) in terms of special roots (Cf. Lemma 2.3 in \bi)\): 
non-trivial elements in Z(G) correspond one-to-one to the special fundamental co-weights 

{^(z)lzeZ(G) 

such that the corresponding a^i z \ € A carries the coefficient 1 in the expression for the high- 
est root For each special root ctj^), there exists a unique Weyl group element Wj( z ) (Cf. 
Proposition 4.1.2 in [SHI) which preserves A U {— d} and sends — d to Q-i( z ), such that 

where Z\ ■ z-i denotes the group multiplication in Z(G). 
The dominant weight of G at level k is given by 

(6.2) A; = {A e A w \ < A,a v >> 0, < X,6 >< k} 

which is non-empty only if k is a positive integer. Note that Z(G) is isomorphic to the group of 
automorphisms of the extended Dynkin diagram of G which induces an action of Z(G) on A£ as 
given by Proposition 4.1.4 in |5TI] , where the explicit action for all classical groups is explained. 
Geometrically, this action of Z(G) is given by the affine Weyl group element ( 50 ) 

(6.3) z h-> T(kX^ z) )uj. l{z) , 

where t(&AY^) denotes the translation by fcAY,^ in the affine Weyl group. 

Given a subgroup Z C Z(G), the integral lattice of G = G/Z, A z = Hom(U(l),f/Z), then 
ArCA^cA^ and A z /A^ = Z. The basic level 4 of G is the smallest integer k such that the 
restriction of k < •, • > to A z is integral. 

Introduce the group of 'discontinuous loops' 

L Z G = { 7 G C°°(R, G)| 7 (t + 2 7 r) 7 (i)- 1 e Z}. 
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Then we have the following commutative diagram with all rows and columns being exact: 
(6.4) 1 1 



1 *- LG *- L Z G >■ Z 1 

1 L G ^ LG >■ Z ^ 1 



1 1 

As Z = A z /A^, we can associate to /i v € A z , the discontinuous loop 

(6.5) C M V W = exp f {2irit[i v ) £ L Z {G). 

Notice that if /i v € A^, then (^(t) £ LT. In particular, for each z € Z, fix a representative 
w z £ G for the unique Weyl group element Wj^), then 

(6.6) z i-> := Cav «J« 

assigns a discontinuous loop in Lz{G) to each z, we call £ 2 the distinguished discontinuous loop 
associated to z. According to Theorem 4.3.3 in [50], the conjugation action of £ z on LG induces 
an action of Z on A£ which agrees with the induced action of Z C Z{G) on A* k as from (|6.3() . 
We denote by z ■ A the action of z £ Z on A € A£. 

Definition 6.2. The basic level £b of G = G/Z is the smallest positive integer I such that the 
restriction of £<■,■> to A^ is integral. 

It was shown in Proposition 3.5.1 of [SOI; the level for which LG admits a central extension 
is a multiple of the basic level £b- Now we review the construction of the central extension of 
LG from |5U]. 

Given a level A: £ £f,Z, there is a canonical central extension LzG of LzG (see Proposition 
3.5.1 and Theorem 3.2.1 in 50 1) at level k and the trivial extension of A z where we regard A z 
as a subgroup of LzG through the discontinuous loop £ M v given by (|6.5|l for fi y £ A z . The 
central extension of A z is classified by its commutator map defined by 

(6.7) uW,i* w ) = &&&& 

where £\ v , C^ v € LzG are arbitrary lifts of Ca v , C^ v ■ Note that there is a necessary and sufficient 
compatibility condition (Cf. Proposition 3.3.1) 

u,(A v ,/x v ) = (_1)*<^ V > 

for the existence of LzG, whenever A v £ AJf . 

As G is simple and simply-connected, the restriction of LzG to G, is canonically trivial, hence, 
restricted to Z, Z admits a canonical section s : Z — > Z. Given a character x : ^ — > 
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following [S3j , we can construct a canonical central extension of LG associated to a level k £ £bZ 
and x € Hom(Z, U(l)), denned by 

(6.8) LG x :=L^b/{ S { 1 ) X - 1 { 1 )\ 1 £Z}. 
We denote this central extension of LG by 



(6.9) 



1 



U(l) 



LG, 



LG 



1. 



Remark 6.3. For all compact, connected simple Lie groups G except 

PSO(±n) = f^M, 

we have H 3 (G, Z) = Z. Then from (|6.8|l we obtain all central extensions of LG labelled by 

(Jfe,X). For G = Spin(4ri)/Z with Z = Z 2 x Z 2 , 

H 3 (G,Z) ^Z©Z 2 , 

where Z 2 corresponds to two inequivalent central extensions of LzG: the canonical one for LG X 
and the other one with the commutator u> ()6.7[) defined by the pull-back of the non-trivial, 
skew-symmetric form on Z 2 x Z 2 . We denote the corresponding central extension of LG with 
respect to this non-trivial commutator lu by 



1 



U(l) 



LG^ 1. 



The following discussion for LG X can be extended to the case of LG X - for G = PSO(An) with 
some minor modifications, we shall point out the difference for this latter case. 

We are now able to classify all irreducible positive energy representations of LG X . We assume 
from now on that the level k e ^bZ. The induced central extensions of LqG and LG from LG X 

and LzG are denoted by LqG x and LG respectively. Then we have the following commutative 
diagrams relating various exact sequences and their central extensions: 



(6.10) 



LqG, 



LnG ■ 



LG, 



LG 



1 



(6.11) 



and 
(6.12) 



LG 



LG 



LzG' 



L Z G- 



LqG x 



LnG 



LG, 



LG 



The key observation is the following proposition which characterizes irreducible positive en- 
ergy representation of LG X and Theorem 4.3.3 of [Slj. The proof of Proposition 16.41 follows 
directly from the definition of LG X in l|6.8Jl . 
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Proposition 6.4. For any irreducible positive energy representation of LG X , the pull-back rep- 
resentation to LzG is an irreducible positive energy representation of LzG (as classified in |50| ) 

such that the center Z , as a subset of LzG under the canonical section s : Z —* Z , acts as 
multiplication by the character \- 

Proposition 6.5. (Theorem 4-3.3 of |5U| ) Let (Ti.\,ir) be an irreducible positive energy repre- 
sentation of LG of level k and highest weight A € AJ. For the distinguished discontinuous loop 
£z associated to z <E Z , the conjugated representation 

of LG on H\ is an irreducible positive energy representation of LG of level k and the highest 
weight z ■ A € A£, where z ■ A denotes Z C Z(G)-action as in <6'.5J) . 

Given a distinguished discontinuous loop ( z S LzG associated to z £ Z, from Proposition l6.5l 
we know that the conjugated representation of (H\, it) by £ z , denoted by (( z )*7~t\, is equivalent 

to the irreducible positive energy module H z .\ of LG. 

There is a character map A£ — > Hom(Z, U(l)) given by 

(6.13) A^e 27r4<A '>, 

where e 27ri<A ' > is the character on Z: h v i-> e 2?H<A,fc v > for e A v 

Lemma 6.6. (Cf. Lemma 7.1 in |50| ) For any positive energy irreducible representation H.\ of 
LG at level k, the unique lift of Z C G acts on TL\ by the character 

h V ^ £ 2ni<X,h v > 

for [h^] e A^/A ? v = Z. 

Denote by A£ the pre-image of x G Hom(Z, U{\)) for the character map (|6.13l) . Then A£ 
is partitioned into different sectors labelled by x G Hom(Z, U(l)): 

A l = U A ix- 

X eHom(Z,U(l)) 

Note that the character map (|6.13l) factors through Ajjl/Z, the orbit space of the Z-action on 
A£ (this follows from Lemma 7.2 and the proof of Corollary 7.3 in [5D])- We fix a choice of a 
representative A for each Z-orbit Z ■ A. 

The irreducible positive energy representations of LG X are labelled by elements in the space 
of orbits for t\* kx jZ (Cf. Theorem 6.1 and Corollary 7.3 in [50]1. together with a character 
p € Hom(Z\, £7(1)) for an orbit Z ■ A with a non-trivial stabilizer 

Z x = {z e Z\z ■ A = A}. 

Given an orbit 

z • A G Kjz, 

and p £ Hom{Z\, U(l)), denote by Ti^.x the irreducible positive energy module of LG X . The 
pull-back representation, as a LG-module, through the compositions of maps 

L~§ *" L Z G 
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admits the following decomposition 

(6.14) H p z . x = H v ®C m * 

X'eZ-X 

where Tiy is the irreducible positive energy modules of LG at level k with highest weight A' 
and m\i — 1 except for L(PSO(^n)) x _ (Cf. Remark l6.3|) with Z ■ A = {A}, fc is even in which 
case m\ = 2. Moreover, the group of discontinuous loops corresponding to elements in Z\ acts 
on Tt z . x via the character p. Note that, if Z\ is non-trivial, T~t z . x (p € Hom(Z\,U(l))) have 
the same Virasoro character 

X! Xfc,A'(r). 
x'ezx 

The appearance of the character p 6 Hom(Z\,U(l)) in the representation of LG X should be 
understood in terms of the Borel-Weil theory for loop groups (Cf. |43|). 

Denote by Rk, x (LG) the Abelian group generated by the irreducible positive energy represen- 
tations of LG X . Denote by Xk zx * ne Kac-Peterson character corresponding to the irreducible 
positive energy representation Ti z . x of LG X for Z ■ A S A£ , and p G Hom{Z x , U{1)). Then 
Rk, x (LG) is an Abelian group generated by those x£ ^a- 

6.2. Multiplicative bundle gerbes. Multiplicative bundle gerbes on G have transgressive 
Dixmier-Douady class (|15|). For a compact, connected and simple Lie group G, H A (BG,1i) = 
Z, in terms of the generators of H 4 (BG,Z) and H 4 (BG,Z), a level k £ Z ^ H 4 (BG,Z) is 
transgressive for G = G/if, if and only if (Cf. ^Hj and |41| ) 

k 

(6-15) - < A l(z) , \ l{z) >e Z, 

where {Aj( z )} z gz are those special fundamental co-weights corresponding to elements in Z. Let 
£ m be the smallest positive integer such that all transgressive levels for G = G/Z is a multiple 
of £ m . We call £ TO the multiplicative level of G. 

We let if be the smallest positive integer lying in the image of H 3 (G, Z) — * H 3 (G,Z), it 
is called the fundamental level of G in |5U], see also [51]. Note that the fundamental level for 
50(3) is 2, and the multiplicative level of 50(3) is 4. 

We need to construct a G-equivariant bundle gerbe over G for a multiplicative level k € 4 n Z. 
Note that the multiplicative level l m is always a multiple of the basic level £&. Given fc € ^ m Z 
and x € Hom(Z, £7(1)), there exists a canonical central extension of LG given by (|6.8|l . 

Let VG be the space of smooth maps / : K — > G such that i— > /(# + 27r)/(6')~ 1 is constant. 
The map VG — ► G given by / i— > /(27r)/(0) _1 defines a principal LG-bundle over G. Then 
we can follow the construction in the proof of Proposition 12. 31 to define a G-equivariant bundle 
gerbe over G. 

Proposition 6.7. Given a level k G i^L and x G Hom(Z,U(l)), the lifting bundle gerbe 
associated to the central extension LG X as in \b\ !J\) and the principal LG-bundle VG over G is 
a G-equivariant bundle gerbe over G, denoted by Q{h,%),Gi whose equivariant Dixmier-Douady 
class is determined by (k,X)- 

Proof. It is easy to show that the lifting bundle gerbe associated to the central extension LG X 
as in H6.9[) and the principal LG-bundle VG over G is a G-equivariant bundle gerbe. Pull-back 
LG X to L Z G, we get a central extension of L Z G which is classified by the level k, and a cocycle 
in H 2 (Z, U(l)). From the exact sequence, 

-► Ext(G, [/(!)) — > H%{G, Z) — ► H 3 (G, Z), 
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we know that the equivariant Dixmier-Douady class of G(k,x),G, as a class in Hq(G,Z), is 
canonically determined by (fc, \). □ 

We keep the notation Gk = G^ <§ for the bundle gerbe of level k on the simply connected Lie 
group G whose equivariant Dixmier-Douady class is k times the generator in iJ?(G,Z). 

6.3. G-equivariant bundle gerbe modules. Let 9^ be the closed bi-invariant 3-form on G, 

Q k = ^<9, [9,9] >=^<0, [0,0] >, 

where 9,8 £ ^ 1 (G, g) the left- and right- invariant Maurer-Cartan forms. Note that k has to be 
a multiple of the fundamental level if in order that defines an integral cohomology class in 
H 3 (G, Z). Here we require that k is a multiple of the basic level it, note that l\, is a multiple of 

if (Cf. EDI)- 

Group- valued moment maps for quasi-Hamiltonian G-manifolds and the corresponding Hamil- 
tonian LG-manifolds at level k have been studied also for compact, semi-simple, non-simply 
connected Lie groups ([!]). A quasi-Hamiltonian manifold (M, and its Hamiltonian LG- 
manifold (M,tD,/t) at level k give rise to the following diagram 

(6.16) m^Lq* 

Hoi 

M — ^ G, 

where fi : M — > Lq* is the moment map for the Hamiltonian LG-action. To be precise, {M , to, jl) 
is actually a Hamiltonian LG x -manifold with LG x -equivariant moment map 

fi:M — > Lq* = Lq* x {k} ^ Lq* M, 

and Lq* is again identified as the L^-connections on the principal G-bundle over S . 
The proof of the following proposition is straightforward, see the proof of Theorem 13.51 

Proposition 6.8. Given a level k £ £f,Z and x G Hom(Z,U(X)), an LG X - equivariant vector 
bundle £ over a Hamiltonian LG-manifold M defines a G-equivariant bundle gerbe module of 
the G-equivariant bundle gerbe G(k,x),G- That means, the corresponding quasi-Hamiltonian G- 
manifold is a generalized equivariant bundle gerbe D-brane of G(k,x),G- 

Let Q(k,x),G he the category of G-equivariant bundle gerbe modules of Gik,x),G- Then the 
quantization functor defined as in Definition 15 . 21 can be carried over to Qtk,x),G- The coadjoint 
orbits of the affinc LG-action on Lq* through A <E A£ provide examples in Q(k, x ),G- 

Remark 6.9. Given a Riemann surface S g .i of genus g with only one boundary component (which 
is pointed by fixing a base point on the boundary), the moduli space Ms gA of flat connections 
on S 9i i x G modulo those gauge transformations which are trivial on the boundary is only a 
Hamiltonian LoG-manifold at level k, for a transgressive level k. The holonomy map 

M SgA /n G 

defines a quasi-Hamiltonian G manifold. But Ais g 1 does not admit a LG-action. 

Given a Hamiltonian LoG-manifold M at level k with a free fioG-action such that M/iloG 
is a quasi-Hamiltonian G-manifold, we need to construct in a canonical way a Hamiltonian 



FUSION OF SYMMETRIC D-BRANES AND VERLINDE RINGS 



33 



LG-manifold M# at level k, and an associated principal SIG-bundle over M, i.e. fill in the 
diagram, 



M* 
no 

NI- 



LS* 



— *- G. 

Lemma 6.10. Given a Hamiltonian LoG-manifold M at level k with its quasi-Hamiltonian 
G-manifold ji : M — * G, then the fiber product M = M x q G is a quasi-Hamiltonian G-manifold 
with the corresponding Hamiltonian LG-manifold M# is also a Hamiltonian LG-manifold. 



Proof. Define G-action on M xq G via 

9 ■ (m,gi) 



(n(g) ■ m,ggi9 1 



), 



where tt : G — > G is the covering map. Then the projection fl : M = M xg G — > G is a 
G-equivariant map. M is a quasi-Hamiltonian G-manifold, it is easy to see that [M, fi) is a 
quasi-Hamiltonian G-manifold and the following diagram commutes: 



(6.17) 



M ■ 



M ■ 



G 



G. 



As G is simply-connected, the corresponding Hamiltonian LG-manifold is given by the fiber 
product M* = M x d Lg*: 



(6.18) 



M* 



L0* 



Hoi 



M ■ 



G, 



where Hoi : Lg* — > G is a universal f2G-bundle over G. Composing Diagram H6.17fl and Diagram 
(|6.18|l . we see that M# = M Xg Lg* is a Hamiltonian LG-manifold with LG-action given by 
the affine coadjoint action of LG on Lg* at level k: 



M* 



Lg* 



<J.G 



iU-i 



M ■ 



G. 



□ 



Remark 6.11. (1) Note that the center Z c G acts trivially on M, and Z C LG, as constant 
loops, acts trivially on M#. Using the surjection LG — > LoG, a Hamiltonian LG- 
manifold M# at level k admits a Hamiltonian LG-action at level k. 
(2) Suppose M# is pre-quantizable as a Hamiltonian LG-manifold with a LG x -equivariant 
pre-quantization line C ^ # , then M# is also pre-quantizable as a Hamiltonian LG- 
manifold and the LG-equivariant line bundle £ A ^ # on which the center Z C LG acts via 
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the character y. This defines a natural map 
(6-19) < x : Q(k, x ),G — Q k ,a- 

Notice that the coadjoint orbit of the affine coadjoint LG-action on Lg* consists of {Cz\z G Z}- 
orbit, where the distinguished discontinuous loops {£ 2 } become smooth loops in LG, the affinc 
coadjoint action of these smooth loops on Lg* is exactly the Z-action defined by l|6.3l) . We fix 
a representative A in each Z-orbit Z ■ A C A*. . 

Given a Hamiltonian LG-manifold at level k with a LG x -equivariant pre-quantization 

line £-fy# , from Lemma 16.101 and Remark 16.111 we know that a Hamiltonian LG-manifold 
(M#,/i#) at level k is also a Hamiltonian LG-manifold at level k and its pre-quantization 
line bundle is LG-equi variant. The Hamiltonian LG-reduction at A 

(6.20) M* d := {»*y l {LG ■ A)/ LG - {fi*y 1 (X)/{LG) x , 

with its pre-quantization line bundle is given by 

C \,G '■= ^m* l(A*) _1 (^) X ( IB) A C (*^.i)' 

where the action of LGa on C^a.i) = C is given by the weight (A, 1), notice that for A G A*. , 

the weight (+A, 1) agrees with the character \ when restricted to Z c LGa. 
The Hamiltonian LG-reduction at A G A*. , 

Kg ■= (^(LG ■ A)/LG - {p*)-\\)/{LG)x, 

doesn't depend on the choice of A in its Z-orbit. Here {LG)\ denotes the isotropic group of 
LG-action at A. The pre-quantization line bundle over depends on a choice of a character 
p G Hom(Z\, £7(1)) if 

Z x = {z G Z\z ■ A = A} 

is non-trivial. For each character p G Hom(Z\,U(l)) 1 the corresponding pre-quantization line 
bundle over Mf G is given by 

£\,G : = ^M#\(fi*)- 1 W X (LG) A C (*A,p-\l)i 

where *A is the dominant weight of the irreducible representation of G dual to the one with 
weight A, the action of LGa on Cr m \ p -i n — C is determined by the action of (LqG)x on C via 
the weight (*A, 1) and the character through the exact sequence 

1 -> (L^G)a — » (LG)a — > Z x -» 1, 

where the quotient group LGx/L Gx is identified with the group of distinguished loops defined 
by H6.6|l corresponding to elements in the stabilizer Zx . We denote by <f) p x G the Spin c Dirac 
operator associated to the line bundle C x . It is understood that when Zx is trivial, then 

C x,G = C l,G and K,g = 9\,G- 

The following proposition identifies the spaces of sections of the line bundles C x G and C x G , 
denoted by F(£ x G ) and T(£ x G ) respectively. 

Proposition 6.12. Given A G A*, x , the space of sections of the line bundle C XG consists of 
sections for the line bundle !(/*#)— i(A) over (A^) _1 (^) with weight (A,p, 1) for the action of 



FUSION OF SYMMETRIC D-BRANES AND VERLINDE RINGS 



:sr> 



(LG)x; and the space of sections of the line bundle C x G consists of sections of the line bundle 
^■M#\(ji#)- 1 (\) over (A*) with weight (A, 1) for the action of (LG)\. Moverover, 



p<=Hom(Z x ,U(l)) 



P ) 



Proof. We know that Mjf^ has |Z^|-components, on which Z\ acts transitively via the group 



of distinguished discontinuous loops. Each component of Mf- is diffeomorphic to 



A.G 

'•• 1 p — •'• .•">..'■...<.-.'.( <•!' M a uuicum^iyuu, iu iu x G . 

The line bundle ^j^#|(/i#)- 1 (A) i s (£G)A-equivariant and (LG)A-equivariant. From the defi- 
nition of C x G , we can see that the space of sections of the line bundle C x G consists of sections 

of the line bundle £jg-#|(/i#)-i(A) over with weight (A, 1) for the action of [LG)\] and 

similarly the space of sections of the line bundle £ x G consists of sections for the line bundle 

£j(f#|(/i#)-i(A) over with weight (X, p, 1) for the action of (LG)\. 

There is a ^-covering map 

tt : Mf 6 — M# G , 

and there is a bundle isomorphism between £ A G and 7r*£^ G . For a section s G I\£ A G ), the 
linear map s i— > 7r*s identifies r(£ A G ) with a subspace of G ) such that 

r (^, G ) = r(/* G ). 

peHom(2 A ,C/(l)) 

□ 

Definition 6.13. Given a G-equivariant bundle gerbe module (M*,£) € Q(fe, x ).Gi we define 
the quantization of (M#,£) to be to be 

X (fe , x) , G (M,f)= X! E ^x(^ G ®£,Af A # G ) x ^. A e^ x (iG). 

Z-AeAJ x /Z P eHom(Z x , U(l)) 

This gives rise to a quantization functor X(k,x),G '■ Q(k,x),G ~ * Rk,x(LG). 

6.4. The fusion category of bundle gerbe modules. Now recall that our fusion product in 
the simply connected case uses a pre-quantizable line bundle over the moduli space A^s 3 . For 
a non-simply connected Lie group, the moduli space M.y. 3 is quantizable for any transgressive 
level k. 

Proposition 6.14. The G-equivariant bundle gerbe Q(k,x),G over G is a G-equivariant multi- 
plicative bundle gerbe if k is transgressive and \ *s the trivial homomorphism. 

Proof. The first statement holds from the main result of |15| . To be G-equivariant and multi- 
plicative, the central extension LG X of LG has to be G-equivariant as a principal [/(l)-bundle 
over LG = G x £1G with G-action on flG given by conjugation, and under the face operators from 
7T, :GxG->G where 710(51,92) = 92, 711(51,52) = 9W2 and 7^(51,52) = 01 f° r (91,52) G G x G, 
there is a G-equivariant stable isomorphism 

n oG(k, x ),G ® ^2G(k, x ),G — > ^*G{h,x),G- 
These conditions hold if X € Hom{Z, U(l)) is the trivial homomorphism. □ 
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This proposition determines the conditions under which we may obtain the fusion category of 
bundle gerbe modules in this non-simply connected situation. From now on in this subsection, 
we assume that the level k is multiplicative for G, i.e., k £ ^ m Z, this excludes the case of 
Q(k,x,-),G f° r G = PSO(Ati), as x has to be non-trivial for LG X -. 

We can define the fusion of two quasi-Hamiltonian G-manifolds \ii : [Mi,u>ij — > G (i = 1,2) 

as 

(6.21) (M 1 ,coi,n 1 )M(M 2 ,oj 2 , f i 2 ) = (M x x M 2 ,in-Ha), 

with the 2-form lo\ + uj 2 + — < fi*9, p. 2 >. Then (Mi x M 2 , fii ■ fj, 2 ) is again a quasi-Hamiltonian 
G-manifold, and the corresponding Hamiltonian LG-manifold at level k is given by 

(6.22) M^®M 2 = (Mi x M 2 ) XqLq*, 

Where the universal principal £!G-bundle over G factors through G: Lg* — ► G — > G. 

For the Hamiltonian LoG-manifold .Ms i at any multiplicative level k, the proof of Proposi- 
tion l4.1l can be adapted to show that Xi^ admits a LG\ pre-quantization line bundle. The key 
point in the proof is the Segal- Witten reciprocity property for transgressive central extensions 
(we omit the details). 

The category of G-equivariant bundle gerbe modules for G(k,i),G> when k is transgressive for 
G, admits the fusion object given by the fiber product 

^=0.3 =^0.3 X G 3 G 3 , 

which is a Hamiltonian (LG) 3 -manifold at level k with a (iG) 1 -equi variant pre-quantization 

line bundle £s 3 ■ This can be verified the fact that Mi H M 2 defined by (|6.22|) is diffeomorphic 
to the Hamiltonian quotient 

((Mi x M 2 ) x Mf o 3 )//diag(LG x LG). 

Moreover, if M\ and M 2 admit LGi-equivariant pre-quantization line bundles C\ and C 2 re- 
spectively, then 

((A x C 2 ) x Cs 0i3 )//diag(LG) 2 1 

defines a LGi-equivariant pre-quantization line bundle over Mi M M 2 . Hence, the fusion cate- 
gory of rank one G-equivariant bundle gerbe modules of Gtk,i),G is we H defined. We denote this 
fusion category by (Q( k ,i),G, ®g)- 

We can apply the quantization functor X(k,i),G '■ (Q(fe,i),Gi ^g) — ► Rk,i(LG) to define a 
fusion product on Rk t \{LG). Note that irreducible positive energy representations in Rk.i(LG) 
are labelled by 

{(Z ■ X,p x )\Z ■ A C A* ka ,p x S Hom(Z x , [7(1))}. 
Definition 6.15. We define the fusion coefficient for Rk,i{LG) as: 
(6-23) N {zZ7xUz.^ ■= Iridex{^ x X^M* o 3 (G,*A,*^)), 

where 3 (G, *A, *n, v) denotes the Hamiltonian (LG) 3 -reduction of 3 at (*A, v), and 
^(*A */1'C) G ^ s tne corresponding Spin c Dirac operator. 

Theorem 6.16. x^z-x * Xfc,z.„ = ^ffXpx), de ^ nes a f usion rin 3 struc ~ 

ture on Rk,i(LG) with the unit given by Xk.z-o, the representation corresponding to the Z -orbit 
through 0. 
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Proof. The fusion product defined on the Qtk,i),G is commutative and associative modulo LG- 
equivariant symplecmorphisms and equivalence of LGi-equivariant line bundles. This imply 
that the fusion product on R^x(LG) is commutative and associative. The unit in Q(k.i),G is 
given by f2G with its pre-quantization line bundle flGi x [jm C, the quantization functor 

X(fe,i),G : Q(fe,i),G — * Rk,i{LG) 
sends HG to Xk.z-o- O 
Proposition 6.17. If Z ■ A, Z ■ fj, and Z ■ v are free Z-orbits, then 

z£Z 

Proof. Note that the Verlinde coefficients {N% } for Rj~(LG) satisfy the following symmetry 
under the action of Z: 

z 1 -X,z 2 -^ A,/i 

for any Z\, Z2 € Z. This is due to the fact that the moduli spaces for calculating the Verlinde 
coefficients and N"^^ for R k (LG) are identical: 

M% 0i3 (G,*\,*n,i/) — ■M* o3 (G,*(zi ■ \),*{z 2 ■ fj,),ziz 2 ■ v) 
from the holonomy descriptions of these moduli spaces. These facts imply that 
M* o 3 (G,*X,*n,v) S |J M* 3 (G, *A, *n, z-v), 

z£Z 

as symplectic manifolds, and their corresponding pre-quantization line bundles are also equiva- 
lent for free Z-actions on Z ■ A, Z ■ /i and Z ■ v. Hence, we have 

fqZ-v _ \ " N z-v 

zGZ 

□ 

Remark 6.18. The fusion category (Q(k,i),G> ^g) is actually a braided tensor category, see |7j for 
a definition of a braided tensor category, where the braiding isomorphism for two Hamiltonian 
LG-manifolds M\ and M2 

Mi H Af 2 — ► Af 2 K Mi 

is induced by a diffeomorphism of £0,3 exchanging the two incoming boundaries. Applying the 
conformal model for £0,3 

P W>g<g = {ze C\\q\ < \z\ < 1, \z - w\ > \q\} 

with boundary points 1, q and w + q, where < |tu| < 1, and < \q\ < \w\ — \q\ < 1 — 
2\q\. Then the conformal model for £0,3 with two incoming boundaries exchanged is given by 
P-w,q,q- Note that P w . q . q and P- W ^ q are connected by the path P e n> w q q for 9 6 [0, it]. The 
Pentagon axiom, Triangle axiom and Hexagon axioms follow from the multiplicative property 
of the equivariant bundle gerbe Q(k.i),G- This braiding isomorphism is important to determine 
the fusion coefficients for R k \{LG) involving Z-orbits with non-trivial stabilizer. 

To illustrate our result, we end this section by a detailed study for G = 50(3) and G — 
SU(3)/Z 3 . 



A.L. CAREY AND BAI-LING WANG 



6.5. An example for G = 50(3). Note that 50(3) = 5Z7(2)/Z 2 , the basic level is 2, and the 
level is transgressive if and only if it is a multiple of 4. Given a class (k,x) € 2Z © (Z2, U(l)) 
where x = =tl £ ^2, we have the corresponding equivariant bundle gerbes Gk,±i for k — An or 
fc = 4ra + 2 (n > 0). We first give a complete classification of all irreducible positive energy 
representations of L50(3) x at level k <G 2Z and x = ±1. 

For k — An and x = +1; the irreducible positive energy representations of L50(3) +1 are 
labelled by Z2 = Z(5E/(2))-orbits in the space of level k dominant weights. We instead use the 
half-integers (half weights) j — 0, 1/2, 1, 3/2, • • • , 2n — 1/2, 2n to label level k dominant weights 
of LSU(2). Denote 

/to, rti/2, All, 1 • • j Al2n-l/2) At2n 

the corresponding irreducible positive energy representations of LSU{2) at level An. These rep- 
resentations of LSU(2) can be obtained by (geometric) quantization of equivariant bundle gerbe 
D-branes given by conjugacy classes labelled by those half-integer representations of SU(2), 
or equivalently, quantization of equivariant bundle gerbe modules of the corresponding affine 
coadjoint L5t/(2)-orbits at level An. 

Then the irreducible positive energy representations of £50(3) +1 , as L5J7(2)-modules, are 
given by 

7~to © "Hln, 

Hi ffi H.2n-1, 
H2 © Ti.2n-2, 

Hn-1 © Ti.n+1, 
' '-n ! 

where the spin n is the fixed point of the Z2-action: j 1— * 2n — j, and Ti^ — T~t n as a LSU(2)- 
module, with the group of discontinuous loops corresponding to Z2 acting via the character ±1. 
These representations can be thought of as quantization of the projection of Z2-orbits of those 
conjugacy classes in SU(2) with integer spin weights. 

It is straightforward to verify that i?4 ni +i(L50(3)) admits a fusion product, from which we 
obtain the non-diagonal modular invariant (diagonal modular invariant for an extension of the 
chiral algebra by Z 

fc/4-1 

Z 4n ,+i = ^2 IXfej +Xfc,fc/2- 3 | 2 + 2|xfc,™| 2 - 

3=0 



This agrees with the formula from fixed point resolution for simple current extensions in |47) 
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For k — An and \ = ~ lj the irreducible positive energy representations of LSO(3)_ 1 , as 
LS'f7(2)-modules, are given by 

Hl/2 © W 2 „_l/2, 
H3/2 © ^2n-3/2, 
H 5 / 2 © W 2n -5/2, 

W„_l/2 © 'Hn+1/2- 

Similarly, for A; = 4n + 2 and x = +1, the irreducible positive energy representations of 
LS0(3) +1 , as LS , J7(2)-modules, are given by 

T~(-0 © ^2n+l, 

H\ © W271, 

^2 © Ti,2n-1, 

Hn-1 © Tin+2, 
*Hn © 

For fc = An + 2 and x = — 1, the irreducible positive energy representations of LSO(3)_ 1 , as 
L5'J7(2)-modules, are given by 

Hl/2 © W 2 „+l/2, 
W3/2 © H 2 „-l/2, 
7Y 5 /2 © H 2n _3/2, 

'l n _i/2 © /l„_|_3/2> 
^n+1/2' 

where the spin n + 1/2 is the fixed point of the Z2-action: j 1— » 2n + 1 — j, W n+1 / 2 = Wn+1/2 

as a LS'C/(2)-module, with the group of discontinuous loops corresponding to Z2 acting via the 
character ±1. 

For each k g 2Z and x G Z 2 = Hom(Z 2 , U(l)), the quantization functor 

X(fe, x ),so(3) : Q(k, x ),SO(3) — > R k,x( LS °( 3 ))> 

from the category Q(fc jX ),so(3) 01 <S0(3)-equivariant generalized bundle gerbe modules of (?fc jX 
over SO^) to Rk, x (LSO(3)), is surjective. Among the four cases discussed above, Q(fc jX ),so(3) 
admits a fusion product structure if k — An and \ = +1, and the corresponding quantization 
functor 

X(4n,+l),SO(3) : Q(4n,+l),SO(3) —> R4n, + l(LSO(3)) 

preserves the fusion products. 
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6.6. An example for G = SU(3)/Z 3 . Denote by 

{ai,a 2 }, and {a(,a 2 } 

the simple roots and the simple co-roots of SU (3) respectively. The fundamental weights and 
co-weights are denoted by 

{Ai,A 2 }, and {A^A^} 
respectively. Then we know that the highest root is given by a\ + a 2 and 

{ aV_ a v = 3 (A v_ A v }) 

which gives the isomorphism 

Al/A? <* Z(A^ - A 2 v )/3Z(Ar - A£) = Z 3 . 
The set of dominant weights at level A£ is given by 

{fciAi + fc 2 A 2 |fc; >0,k 1 +k 2 < k}, 
with the action of Z 3 generated by 

fciAi + fc 2 A 2 i-» (k — ki - k 2 )\\ + ki\ 2 . 
It is easy to see that the character map A* k — ► Hom(Z 3 , U(l)) is induced by 

fciAi + k 2 \ 2 i ► (fci — k 2 ){mod 3), 

and Z 3 -action admits a fixed point if and only if k £ 3Z with the fixed point given by |Ai + ^A 2 . 

For G = SU(3)/Z 3 , as the multiplicative level for SU(3)/Z 3 is 3, we know that the trans- 
gressive level for SU(3)/Z 3 is given by k £ 3Z, we know that the multiplicative bundle gerbes 
over G are classified by their Dixmier-Douady classes: the level k £ 3Z. We note that if, = 1 for 
SU(3)/Z 3 . Hence, the equivariant bundle gerbe G(k,x),su(3)/z 3 exists for any level k £ Z and 
X £ Hom(Z 3 , U(l)). Here we only consider the transgressive levels. 

Given k £ 3Z and x £ Z 3 = Hom(Z 3 , U(l)), we have the corresponding quantization functor: 

X(fe/3,x),SJ7(3)/Z 3 : Q(k/3,x),S£/(3)/Z 3 > ^fc, x (i(S , J7(3)/Z 3 )). 

Denote by W(fc 1; fc 2 ) the positive energy irreducible representation of LSU(3) of the highest weight 
fciAi + fc 2 A 2 e A* k . Then R k , x (L(SU(3)/Z 3 )) is generated by 

W(fei,fc 2 ) © W(fe-fei-fc 2 ,fei) © 7~L(k2,k-k 1 -k 2 )i 

for fciAi + fc 2 A 2 e AJ; and x([^i _ A 2 D = e 27 ™ ll 3 l2 for fciAi + fc 2 A 2 with trivial stabilizer. For 
X = 1 and fci = A: 2 = fc/3, there are three additional representations: 

ojPO 'Wf 1 -uW 

n -(fc/3,fe/3)' n -(fc/3,fc/3)' n -(fe/3,fc/3)' 

which are equivalent to W(fc/ 3 ,fc/ 3 ) as L5'?7(3)-modules, with with the group of discontinuous 
loops corresponding to Z 3 acting via the character pi £ Hom(Z 3 , U{1)). 
We give a complete list for k = 3 and k — 6 as follows: 

(1) For fc = 3, if x([Ai - A^]) = 1, then R 3yX (L{SU{3)/Z 3 )) is generated by 

^(0,0) © ^(3,0) © ^(0 : 3)7 

ojPo "W^ 1 "W^ 2 

rL (l,l)' (1,1)' (1,1)' 
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as iS f J7(3)-modules, where (1, 1) is the fixed point of the Z3-action, 7i p A ^ = 7~L{i,i) as a 

LSU (3)-modu\e, with the group of discontinuous loops corresponding to I2 acting via 
the character Pl ; if X {[K ~ >%]) = e 2m/3 , then R 3a (L{SU(3)/Z 3 )) is generated by 

7^(1,0) © ^(2,1) ® ^(0,2)) 

as LSC?(3)-modules; if x([Ai - A^]) = e 4 ™/ 3 , then R 3tX {L{SU{3)/Z 3 )) is generated by 

^(2,0) © ^(1,2) ffi ^(0,1)' 

as LS't/(3)-modules. Note that the Verlinde ring R 3 , + i(L(SU(3) /Z 3 )) gives rise to a 
modular invariant for 5J7(3)/Z3 at level 3 (Cf. [H]): 

-^(3,+l),S!7(3)/Z3 = 1X3,(0,0) + X3,(3,0) + X3,(0,3)| 2 + 3|X3,(1,1)| ■ 

(2) For k = 6, if x([A^ - A^]) = 1, then R 6 , X {L(SU(3)/Z 3 )) is generated by 

7^(0,0) ffi W(6,0) ffi H(o,6), 
© ^(4,1) © ^(1,4), 

-T^PO 'W'' 1 'W'' 2 

rl (2,2)' rl (2,2)' rl (2,2)' 
^(3,3) © W( ,3) ffi ^(3,0), 

as LS'?7(3)-modules, where (2, 2) is the fixed point of the Z3-action, 2) — ^(2,2) as a 

Z/5E/ (3)-module, with the group of discontinuous loops corresponding to Z2 acting via 
the character p 4 ; if X {[K ~ >%]) = e 27rl/3 , then R 6a {L(SU(3)/Z 3 )) is generated by 

^(1,0) © ^(5,1) © ^(0,5) > 
W( 2 ,l) ffi W(3,2) ffi W(l,3), 
H(4,0) © ^(2,4) © ^(0,2)) 

as L5E/^)-modules; if x([A^ - Ajfl) = e 4 ™/ 3 , then R 6 . X (L(SU(3)/Z 3 )) is generated by 

W( 2 ,o) © H(4,2) © H(o,4), 
7^(3,1) © ^(2,4) ®H(1,2)> 
W(5,0) © ^(1,5) ®W(o,l), 

as LS , J7(3)-modules 

Note that only Re^+i(L(SU(3)/Z 3 )) admits a ring structure, which gives rise to a 
modular invariant for SU(3)/Z 3 at level 6 (Cf. 0) 

Z(3,+1),SU(3)/Z 3 

= 1X6,(0,0) + X6,(6,0) + X6,(0,6)| 2 + 1X6,(1,1) + X6,(4,l) + X6,(l,4)| 2 
+ 1X6,(3,3) + X6,(0,3) + X6,(3,0)| 2 + 3|y 6 ,(2,2) | 2 . 
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